Grain and pore morphologies in polycrystals. by Rinous, Peter John.
A thesis entitled
'Grain and Pore Morphologies 
in Polycrystals1
Peter John Rinous
Submitted to the University of Surrey 
for the degree of Doctor of Philosophy
Department of Physics 
August 1981
ci a t -  k - 1
ProQuest Number: 10804406
All rights reserved
INFORMATION TO ALL USERS 
The quality of this reproduction is dependent upon the quality of the copy submitted.
In the unlikely event that the author did not send a com p le te  manuscript 
and there are missing pages, these will be noted. Also, if material had to be removed,
a note will indicate the deletion.
uest
ProQuest 10804406
Published by ProQuest LLC(2018). Copyright of the Dissertation is held by the Author.
All rights reserved.
This work is protected against unauthorized copying under Title 17, United States C ode
Microform Edition © ProQuest LLC.
ProQuest LLC.
789 East Eisenhower Parkway 
P.O. Box 1346 
Ann Arbor, Ml 48106- 1346
Abstract
Grain and pore morphologies are investigated in polycrystals which 
have an idealised microstructure. For such polycrystals pore behaviour 
and paths to grain growth are well defined due to the high degree of 
symmetry present. This is in contrast to. the intractable randomness 
generally observed in reality.
Grain growth in non-porous structures is investigated in both two 
and three dimensions, Chapters 2 and 3 respectively. Two models in 
particular are considered. In the first growth is initiated by a single 
rogue grain either shrinking or growing in an otherwise uniform array 
of grains until an unstable configuration results. It is found that 
if the rogue grain shrinks the material can recrystallise into a uniform 
array of larger grains. If the rogue grain grows abnormal growth is 
expected to follow. In the second model growth in regular structures 
is considered. Such structures comprise n(pv= 1,2,3) different types 
of grain which pack together in a regular way to fill space. Growth 
occurs because of instabilities arising from the different types of grain 
present and is assumed to occur in such a way that regularity, or homogen­
eity, throughout the material is retained at all times. These models of 
grain growth developed here are entirely geometrical.
Also in Chapter 2 we develop a model to investigate the effect of 
grain edge pore drag in' two-dimensional polycrystals. The expected 
qualitative behaviour is predicted.
Chapter if is concerned with the stability and morphology of inter­
linked porosity in three-dimensional regular bimodal polycrystals. Here 
the material comprises two types of tetrakaidecahedra, large and small, 
enabling the effects of grain size variation on pore stability to be
investigated. The results obtained here are interpreted with respect 
to the sintering of powder compacts and fission gas release which occurs 
during the irradiation of UO^ nuclear fuel. It is found that during 
sintering interlinked porosity breaks down earlier than previously pre-‘ 
dieted. It is also found that the fractional pore volume required to 
support an Interconnected tunnel structure in UO^ during irradiation is 
almost insensitive to grain size variation. Both of these results are 
in good agreement with experimental observations.
In Chapter 5 preliminary methods are developed to enable the results 
of Chapter if, initially pertaining only to idealised materials, to be 
applied to materials with more realistic grain size distributions.
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CHAPTER ONE
INTRODUCTION
1.1 Scope and Aims
The morphology of polycrystalline aggregates is of great technological 
significance but is extremely difficult to analyse theoretically because 
of the randomness generally exhibited by such structures. Consequently 
the bulk of the work performed to date on grain shape and the evolution 
of microstructure during grain growth is of an experimental/statistical 
nature, involving the classification of vast numbers of individual grains.
The main aim of the vork presented here is to obtain a. better under­
standing of the behaviour of real polycrystalline structures by the investi­
gation of idealised models. These models employ structures which exhibit 
such a high degree of symmetry that the evolutionary path taken during grain 
gro-wth can be easily followed. Such structures comprise n (n = 1,2,3) 
different types of complementary polyhedra, or polygons in two dimensions, 
which pack together in a regular fashion to produce homogeneous, or regular, 
space filling structures. The investigation of grain growth in such struc­
tures presented here is of a purely geometrical nature. Regular structures 
of the type considered here have also received attention in more theoretical 
texts (Coxeter, 1963; Wells, 1977).
The investigation into’porous materials described here is mainly 
concerned with the behaviour of interconnected grain edge porosity which 
occurs during the sintering of powder compacts and also during the irradi­
ation of uranium dioxide (U0_) nuclear fuel. Earlier work in this area2
assumed that the polycrystal comprised uniform tetrakaidecahedral grains.
The porosity was then introduced in the form of idealised geometrical shapes 
placed along grain edges and at grain corners. For example, Coble (l96l)
used cylinders and spheres to represent the porosity associated with grain 
edges and corners respectively. Beerg (1973) has replaced Coble’s cylinders 
with frusta, and has also developed more accurate models (Beer£, 197^&) •
The model used in this thesis is based on the catenoid model developed by 
Tucker and Turnbull (1975)* This model still assumes tetrakaidecahedral 
grains but is extended here to enable the effects of grain size variation
on the behaviour of interconnected porosity to be investigated. Certain
1
aspects of isolated porosity in two-dimensional structures are also investi­
gated, with particular reference to grain edge pore drag and the retarding 
effect this has on grain growth.
At all times pores and grain boundaries are assumed completely smooth 
and free to move under the slightest provocation, behaving rather like the 
septa of a foam. Actual boundaries consist of a series of plane steps or 
facets, each step being one atomic plane high. The instabilities of such 
a surface are confined to the edges of its steps, and consequently in reality 
polycrystalline materials behave differently to* foams. Aboav (1971) has 
carried out investigations into the actual form of grain boundaries and 
the effects of boundary structure on grain morphology (Aboav, 1972).
The two types of structure, basically porous and non-porous, considered 
here are introduced further in the following sections. We conclude this 
chapter with a brief description of the layout of this thesis.
1.2 Space Filling Structures (Non-porous)
A;model for the internal structure of a polycrystal is polyhedral 
packing. If polyhedra are packed such that no spaces or interstices remain 
among them, they are said to fill space. In other words, space filling is 
analogous to dividing or cutting space into compartments or cells that define 
polyhedra. In the case of polycrystalline materials, each cell or grain
comprises a singly orientated crystal. The grain boundary, being an inter­
face between pairs of crystals of different orientation, has an energy which 
is felt as a surface tension. The magnitude of this surface tension varies 
with the local orientation difference between pairs of grains. However, 
this variation is generally small as indicated by the regularity with which 
grain faces are observed to meet at angles near 120°, except in -a narrow 
band of small angle boundaries and twin boundaries where the energy can 
reduce by a factor of fifty. The 120° angle mentioned above arises because 
a three-dimensional space filling structure whose only energy source lies 
in its grain boundaries must obey certain topological requirements in order 
to minimise its grain boundary area and hence its total energy. These 
requirements, known as Plateau’s rules, require that each grain edge is 
the junction of three grain boundaries meeting at mutual angles of 120°, 
and that each comer, or node, is the junction of four edges, each making 
an angle of <J> = cos ^{-1/3) - 109.^7° with the other Athree. In two dimen­
sions these conditions reduce to the one condition that each corner is the 
junction of three grain edges which meet at mutual angles of 120°.
In order to satisfy Plateau’s rules together with the requirements of
space filling, grain boundaries generally assume complex non-planar forms
with non-zero net mean curvature. The existence of curvature leads to an
instability that results in grain growth as it is always energetically
favourable, for a surface to move towards its centre of curvature. Harker
and Parker (19^5)first established the connection between curvature and
grain growth by realising that growth would cease when the interfacial 
0angle reached 120 and there was a long range absence of grain boundary 
curvature. Smith (1952) realised that grain boundaries formed a continuous 
network and applied the principles of network topology to the study of
grain shape. Rhines (1965) extended the grain boundary network concept 
proposed by Smith to a series of geometric models for the evolution of 
microstructure during grain growth. Rhines realised that current grain 
growth theories described grain boundary migration but without considering 
the effects of grain annihilation on the remaining network. The geometrical 
models developed by Rhines describe the behaviour of a structure when un­
stable configurations result during grain growth. That is, they describe 
the dissociation of certain unstable high order nodes in a way similar to 
that used here in Chapter 3 where three-dimensional space filling structures 
are considered. The approach adopted by Rhines was to describe structures 
solely by their topological parameters as opposed to their Euclidean dimen­
sions. More recently Craig (1972) and Rhines, Craig and .De Hoff (197*0 
have performed extensive experimental investigations of the development 
of polycrystalline microstructure in aluminium during annealing.
1.3 Porous Structures
Porosity in polycrystalline materials consists of two main topological 
types, (a) interconnected or open porosity running along grain edges and 
(b) isolated or closed porosity situated at grain corners and edges. Inter­
connected pore structures are encountered during the sintering of powder. 
compacts (Coble 1961; Beer£ 197**a). They form some time after the powder 
begins to be annealed-. Particles which are initially just touching, begin 
to fuse together with the formation of a neck of material linking them.
This represents the first stage of the sintering process. When the bonds' 
between particles have grown to an appreciable size relative to the particle 
diameter (^ '.2 of the particle cross-sectional area) and the pore surfaces
have begun to smooth out, the sintering process enters the second or inter-
\
mediate stage. Here the pore structure is one of grain edge tunnels as
described above. The third and final stage of sintering begins when the 
grain edge tunnels start to collapse and leave isolated pores at grain 
corners and possibly along grain edges corresponding to porosity of type 
(b) above.
Systems of interconnected grain edge tunnels are also encountered 
during irradiation of uranium dioxide (UO )^ nuclear fuel (Reynolds and 
Bannister, 1970; Beer£ and Reynolds, 1973). Here their occurrence is 
important because they provide an easy path for fission gas atoms to escape 
from the fuel and because they make a major contribution to the fuel swelling. 
They form as the result of isolated grain edge pores growing in size and 
number and eventually coalescing.
The pore geometry is primarily determined by the dihedral angle, 26, 
characteristic of the material, defined by
28 = 2coS- Y Y g
-■y
where y and y represent the grain boundary and pore surface energies
g • D • X • S •
respectively (Clemm and Fisher, 1955; Wray, 1976). Whether the pore struc­
ture is open or closed also depends upon the volume of porosity. The minimum 
volume of porosity capable of supporting a system of interconnected tunnel­
like pores increases with 8-..
The existence, of porosity has a pronounced retarding effect upon 
grain growth as i't is energetically favourable for pores to sit at grain 
boundary sites. Pores move by the mechanism of surface diffusion which 
occurs'at a much slower rate than grain boundary migration. Grain growth
during the existence of interconnected porosity can be considered minimal
\
and is not considered here. Isolated pores considerably retard but cannot
prevent grain boundary migration and hence grain growth (Speight and Green­
wood, 196*1; Stevanovic, 1970). This topic is discussed further in 
Chapter 2.
1.*+ Layout of Thesis
The layout of this thesis follows a logical progression starting in 
Chapter 2 with the Investigation of possible grain growth mechanisms in 
certain idealised two-dimensional space filling structures. Two models 
in particular are considered. In the first, grain growth is initiated by 
a single rogue grain either shrinking or growing, in an otherwise uniform 
array.of hexagonal grains, until an unstable configuration results. We 
then consider growth in a homogeneous bimodal polycrystal. In this case ■ 
growth is considered to occur in a regular fashion throughout^ the structure 
such that homogeneity is retained at all times.
In the latter half of Chapter 2 we investigate the effect upon grain
{y
growth of isolated trilateral pores existing at the grain corners of two- 
dimensional structures. The retarding effect of these pores is determined 
by the pore surface self diffusion rate and also the ratio of pore to grain 
size. Here the effect of pore drag Is investigated for various values of 
these quantities.
In Chapter 3 we consider grain growth in Idealised three-dimensional 
structures. Again the two' models considered are growth initiated by a single 
rogue grain changing volume and growth in homogeneous bimodal and trimodal 
structures.
Chapter k is concerned solely with the behaviour of interconnected 
grain edge porosity, and especially with the effect of grain size variation 
on the stability of these porous structures. The model used is developed 
in some detail analytically, again assuming an idealised polycrystalline
structure.
In Chapter 5 simple models are developed which enable the results ob­
tained in Chapter *+, which only apply to idealised structures, to be applied 
to realistic polycrystalline structures. Finally, In Chapter 6 a summary 
of the conclusions is given.
Each of the following chapters contains an additional introduction 
where certain aspects pertaining specifically to their content are discussed 
further.
CHAPTER TWO
TWO-DIMENSIONAL STRUCTURES
2.1 Introduction
In the first part of this Chapter we investigate the behaviour of 
certain idealised two-dimensional space-filling structures. It is well 
known that such structures obey certain topological criteria due to the 
forces of surface tension. For example, only three grain edges may meet 
at any corner or node. Higher fold nodes may exist only instantaneously 
as they are extremely unstable (high energy) configurations. In addition 
the three edges meeting at a node are separated by angles of 120° in order 
to balance grain boundary forces at that point. Therefore if a polycrystal 
consists of anything other than hexagonal grains the 120° corner angle 
criterion must be accompanied by curvature of the grain edges. With this 
curvature goes an instability that leads to grain growth as it is always 
energetically favourable for a curved surface to move towards its centre 
of curvature. This is easily shown by associating with the grain boundary 
a potential proportional to its curvature. Thus atoms on the convex 
(positive curvature) side will choose to cross to the concave (negative 
curvature) side in order to reduce their potential energy and hence that 
of the system as a whole-.
The instantaneous dissociation of four and higher fold nodes means 
'that the process of grain growth is one of continuous and discontinuous 
motion of boundaries. When a three-sided grain shrinks It does so by the 
flow of material across its boundaries to its immediate neighbours until 
it vanishes leaving a.threefold node. However, when a grain of four or 
five sides shrinks there generally comes a point when it loses a side and 
an unstable fourfold node is created. This is followed by rapid readjustment
to a nev equilibrium configuration with the creation of two threefold nodes
and a nev grain edge at right angles to the one lost. This process is
called neighbour switching and seems to indicate a degree of coherence 
in the grain grovth/dissociation mechanism. The term equilibrium in this 
context means that the grain growth or boundary motion is continuous.
Of course the instantaneous dissociations discussed above can only be 
infinitesimal due to finite diffusion rates governing the transport of 
material. Thus, initially regions of high curvature exist close to the 
newly created nodes.
The shape of a grain boundary is generally taken to be a circular 
arc, i.e. of constant curvature. This will in general not be true for 
boundaries, as the geometry at any point is determined by local conditions 
and in the case of highly curved boundaries, boundary diffusion rates may 
exceed, by some degree, surface.self diffusion rates, ,
Two-dimensional -grains grow at a rate determined by their number of 
edges. Various authors (Von Neumann, 1952; Mullins, 1956) have shown
that the growth rate is proportional to n - 6, so six-sided grains can only
change their site if they first lose or gain an edge as a result of the • 
behaviour of their neighbours. Also, all five-sided grains shrink at an 
equal and opposite rate to all seven-sided grains. This emphasises the 
fact that the average number of sides per grain is "six. Using the above 
result together with the fact that grains grow at a rate proportional to 
their net curvature, Hillert (1965) has derived the relationship
n = 6 + 6a(R_ -l) 2^ p)
^av
where ct. = 1/2, between the relative size of a grain and its number of
' • ' ■ • ^
sides.
In the following models, grain boundaries will be assumed to be straigh 
This means that many threefold nodes will not be in equilibrium. However, 
this can be thought of as being equivalent to having curved boundaries 
and equilibrium angles a"s~the—s'ame behaviour is predicted. Also, as in 
Section 2.2 for example, a curved boundary structure only exists as an 
intermediate configuration and does not influence the final result.
In Section 2.2 grain growth mechanisms based on the behaviour of a 
single rogue grain in an otherwise uniform array are investigated. In 
Section 3 we consider the behaviour of a particular non-uniform 
structure; this comprises two types of grain distributed in a regular 
fashion to produce a homogeneous bimodal structure. In these idealised 
structures, grains shrink or grow symmetrically and in many cases retain 
their initial number of sides until they vanish. Consequently the process 
of neighbour switching, described above, which is expected to occur in 
reality is rarely observed here. Also, the relationship (2.1) is not
' V
rigidly adhered to.
In the latter half of this Chapter we develop a simple model to
investigate the effect of porosity upon grain growth. It is well known
that pores situated at grain boundary sites have a retarding effect upon 
grain boundary motion and hence grain growth. Here we consider the effect 
• of- isolated tri-lateral pores situated at the grain corners of the above- 
mentioned homogeneous bimodal structure. It is assumed at all times that 
the pore remains attached to the grain boundary, which mayrnot. necessarily 
be the case if the grain boundary driving force is high (Hoge and Pask,
1975; Sjpeight and Greenwood, 196*0.
2.2 Defects in Regular Structures
A real polycrystal may be described as a perfect polycrystal plus 
defects, whose interactions give rise to the randomness experienced in 
reality. These defects have a form similar to dislocations and point 
defects in atomic crystals. Dislocations have the form of a five- and 
seven-sided pair of grains. The subsequent annihilation of the pentagonal 
grain results in another five-seven pair in such a position that this 
process can be identified with dislocation climb (Hillert, 1965)*
Here we attempt to obtain a better understanding of grain growth 
processes by considering possible mechanisms based on the behaviour of a 
single rogue grain, or point defect, in an otherwise regular array of 
hexagonal grains. The only regular two-dimensional polycrystal which can 
be in total equilibrium, assuming that grain boundary energy is isotropic, 
is an array of hexagonal grains as shown in Fig .2 .la. .Consider now “the 
uniform contraction of one grairy, Fig.2.1b. This process clearly leaves 
the corner geometry unchanged and grain boundaries straight so one may 
conclude that the total grain boundary energy remains constant. Thus it 
is possible that this process could occur in practice. If the rogue grain 
continues to shrink to a point as shown in Fig.2.1c, there are now six 
pentagonal grains meeting at an unstable sixfold node. This may dissociate 
into four threefold nodes in one of two equivalent ways, one of which is 
shown in Fig.2.-Id.\ During this process some five-sided grains have grown 
while others have shrunk. This does not contradict the discussion in ■ 
Section 2.1 as the sixfold node is such an unstable (high energy) confi­
guration. Note that the structure in Fig-2.Id has only threefold rotational 
symmetry as opposed to the: sixfold .rotational symmetry of the -original .. 
structure. ■ In Fig.2.Id the central node and its three nearest. .
neighbours are in equilibrium, the angles between the grain edges being 
2tt/3. However, the surrounding ring of six nodes is not in equilibrium, 
the angles between the triplets of edges being ir/2, 2tt/3 and 5r/6 in each 
case. The polycrystal will now try to restore some degree of equilibrium • 
in two interrelated ways. Grain edges will curve and nodes will change., 
their locations. However, as previously mentioned, it will be adequate 
to assume that grain edges remain straight. A possible sequence of events 
following the central node dissociation is shown schematically in'.Figs.
2.1e - 2.1h. First the three pentagonal grains of Fig.2.Id shrink to a- 
point to produce the configuration shown in Fig.2.1e which consists of a 
central threefold node and three unstable fivefold nodes as nearest neigh­
bours . These fivefold nodes then dissociate symmetrically into three 
threefold nodes. As shown in Fig.2.If these nodes are in equilibrium but 
there now exists others which are not, thus grain ..growth continues at the 
expense of the five-sided grains. After the pentagonal grains of Fig.2.If 
have disappeared the structure shown in Fig.2.1g is obtained. This involves 
six fivefold nodes of the same type as those occurring in Fig.2.1e. These 
in turn are eliminated by symmetric dissociation followed by grain growth 
until the structure of Fig.2.1h is obtained.
Fig.2.1h shows the true nature', of the recrystallised structure to be 
another hexagonal lattice consisting of cells three times larger than the 
parent cells and orientated at 30° to them. This nucleus of three cells 
is seen to be surrounded by a ring of eighteen pentagonal cells, which 
forms an interface between the parent and product structures. These cells 
have three distinct shapes but all of the unstable nodes have identical 
geometry consisting of four edges meeting at angles of tt/3, ir/2, tt/2 and 
2tt/3- These nodes now dissociate into pairs of threefold nodes and the
resulting pentagonal cells shrink to give a configuration which has nine 
unstable fivefold nodes identical to those occurring in Figs.2.1e and 
2.1g. The same mechanism of dissociation followed by grain growth may 
therefore occur to give a larger nucleus of twelve hexagonal product cells 
surrounded by a ring of thirty pentagonal interfacial cells. These cells 
are of exactly the same type as those occurring in Fig.2.1h. Recrystal­
lisation therefore proceeds by repeating the mechanism which leads from 
Fig.2.1e to 2.1h. This process is irreversible as at each stage the total
length of grain edge and hence the energy of the .system is reduced. This 
fact is evident in the reduction in the number of grains for the same area 
of material in going from the parent to the product structure.
Therefore, during the recrystallisation process the interface between 
parent and product structures alternates between unstable configurations 
involving either fourfold or fivefold nodes. Figs.2.lg and 2^1h illustrate 
the rather special cases of:ythese two structures which arise from very 
small triangular nuclei of the product structure. To investigate the 
mechanism of migration of the interface in more detail we consider Figs. 
2.2a and 2.2b, .where the parent and product structures each fill infinite 
half planes separated by the interface. The fivefold nodes of Fig.2.2a 
dissociate into three threefold nodes in a way such that the quadrilateral 
grains shrink to give the structure shown in Fig.2.2b. Each fourfold node 
of Fig.2.2b then dissociates into two threefold nodes creating small pen­
tagonal grains which shrink to reproduce the structure of Fig* 2.2a.
This process, may be described as climb of the epitaxial dislocations 
forming.the interface. In fact the process occurring in Figs,--2.Id - h may 
be described in a similar way. In this case dislocations, initially three, 
are climbing out from the defect, multiplying as they go.. Also defects
such as steps and corners may of course arise in these linear boundaries.
In particular the structure of *+ir/3 corners are contained in Fig.2.1g 
and 2.1h, and corresponding 2tt/3 corners arise in subsequent stages of 
the recrystallisation process.
Now consider the rogue grain to grow. Again, at first there is no 
change in the grain comer geometry or the total edge length, so that, 
energetically, the mechanism is acceptable. However, when the rogue 
grain has grown to four times its original size, contact is made with 
its second nearest neighbours, as shown in Fig.2.3b. At this point six 
unstable fourfold nodes are created'and these will each dissociate, by 
the neighbour switching process described earlier, into.two threefold 
nodes resulting in the structure shown in Fig.2.3c. In Fig.2.3c the large 
central grain has twelve sides and is surrounded by six hexagonal and six 
pentagonal cells. The nodes, although threefold, are not in equilibrium 
and the pentagonal grains will begin to shrink resulting in the structure 
shown in Fig.2.3d. At this point the rogue grain has grown to nine times 
its original size. "When the process has reached this stage further dis­
sociations can occur in several ways. For example, the fivefold node may 
dissociate to give the structure shown in Fig.2.3e, by the disappearance 
of the quadrilateral grains. The rogue grain is now* surrounded by eighteen 
pentagonal grains, twelve of which make contact along an edge whilst the 
remaining six make contact at a point. The unstable fourfold nodes at 
the rogue grain’s corners will now dissociate, and at the same time the 
threefold nodes, at the mid-points of its edges, will try to equilibriate. 
We will not follow the process any further but it is expected that the 
rogue grain will continue to grow indefinitely.and that recrystallisation 
into an array of larger identical grains, as results when a single grain
shrinks, does not occur. That is, abnormal grain growth results, which 
is to be expected If one grain has an area much greater than the mean 
(Hillert, 1965).
2.3 Homogeneous Structures
The term ’homogeneous structures’ refers to regular space filling 
packings of two or more different types of grain. Due to size and topo­
logical variations between different grains the motivation for change 
always exists and therefore does not have to be artificially introduced 
as in Section 2.2. A particularly simple but interesting structure is 
the bimodal packing of square and octagonal grains shown in Fig.2.*+a.
For reasons stated in Section 2.1 grain growth will occur, the octagonal 
grains growing ..at the expense of the square grains. When the square grain 
structure of Fig.2.*+b is reached unstable fourfold nodes are created.
Each unstable node can dissociate into two threefold nodes in two ways, 
either vertically or horizontally, so the resulting structure can be 
somewhat complex. However if the dissociations occur in any one of two 
specific ways homogeneity Is retained. If all nodes-dissociate in the 
same direction, either vertically or horizontally, an array of Identical 
hexagons will result. Each one will have an area equal to the area of a 
square in Fig.2.Vb. Alternatively if the nodes labelled, A dissociate 
vertically, and those labelled B dissociate horizontally, the resulting 
structure will be another consisting of square and octagonal grains which 
are larger and are rotated through ^5° from the original structure. If 
all corners but one were to dissociate in this second way the structure 
shown in Fig.2.*+c would result. Here two heptagonal and two pentagonal 
grains are surrounded by the regular structure described above. This
irregularity will be removed by a neighbour switching event. The edge 
separating the pentagonal grains will disappear and the resultant unstable 
fourfold node dissociates to create a new edge at right angles to the 
one lost.
Up to now it has been assumed that all nodes of order greater than 
three dissociate instantaneously and that for the homogeneous structure, 
described above, all dissociations, of Fig. 2.**b, occur in a regular 
fashion. Although the structure shown in Fig.2.*ib is an unstable equili­
brium configuration, it is highly symmetric and given the right conditions 
may exist for a finite time. Under these circumstances it is likely 
that due to local variations only a single node will dissociate initially 
and this willcause others, at first its immediate neighbours, to follow.
Thus recrystallisation nucleates around the site of the initial dissociated 
node and spreads out by a process of further dissociations and grain 
growth. This mechanism is similar to that described in the previous 
section for recnystaliisation initiated by rogue grain shrinkage. In 
the present case growth is also occurring in the product structure which 
comprises quadrilateral and octagonal grains. Interfaces can result 
if two or more nodes, in Fig.2.Vb, dissociate independently. Consider 
the example shown in Fig.2.5a. Here the nodes labelled A* in Fig.2.Vb 
haye dissociated simultaneously in perpendicular directions. As described 
above, recrystallisation proceeds around each of these nuclei as shown 
in Fig.2.5b. In Fig.2.5c the two product structures can be seen to inter­
act and an interface of irregular hexagonal grains results, Figs.2.5d 
and 2.5e. As growth is occurring in the product structures, at .all times 
the microstructure is in a more evolved state in the region of the recrystal­
lisation nuclei. Thus on each side of the interface the structures are
continually evolving and the evolutionary process can he thought of as 
’waves of recrystallisation’ propagating out from-their respective sources 
and ’interfering’ at the interface. Consequently the schematic product 
structures separated by the interface in Fig.2.5e would in practice be 
in a more advanced state towards their centres.
An interface of the type shown in Fig,2.5e can be obtained by a 
shear, in the relevant direction, of the infinite homogeneous structure 
of Fig.2.4a, and can be described as an anti-phase boundary. Subsequent 
grain growth will result in the structure shown in Fig.2.6a. Here two 
infinite half planes of square grains are separated by an interface 
comprising pentagonal grains. It is expected that the unstable nodes 
nearest the boundary in Fig.2.6a will dissociate first. Fig.2.6b, as 
these are least symmetric. This would encourage the dissociation of the 
nearest unstable nodes, Fig.2.6c, and so on. The microstructure would 
then evolve in a way similar to that described above only the propagating 
waves are linear not circular. The particular interface considered here 
is just one of many such interfaces that can result either by inhomogeneous 
dissociation or deformation mechanisms.
There does exist one homogeneous trimodal structure comprising of 
dodecagons, hexagons and squares in the ratio 1:2:3 respectively. The 
unit cell of this structure is shown in Fig.2.7. A detailed investigation 
of its behaviour is given elsewhere (Hartland and Crocker, 1981).
2.k Porous Structures and Pore Geometry
Up to now only grain growth in idealised space filling structures 
has been considered. Due to the employment of simple geometrical models, 
it has not been possible to investigate the rate of grain growth other 
than by making the general statement that the rate of grain boundary 
migration is proportional to the grain boundary curvature. We now intro­
duce trilateral pores at the grain corners of the relaxed homogeneous bi­
modal structure shown in Fig.2.^a. The resultant structure is shown in 
Fig.2.8. Here, because of regularity, it is only necessary to consider 
a small sample of the total structure. In Fig.2.8 is shown one quarter 
of a quadrilateral grain and portions of two neighbouring octagonal grains, 
together with, in Fig.2.8b, their contained pore. .
In the following section a model is developed whereby the rate of 
grain growth can be monitored as a function of relative pore size for 
various materials. Previous authors have introduced the effect of residual 
pores on grain growth, in sintered materials, by applying an effective 
back-stress to the grain boundaries that opposes their natural motion 
towards their centre of curvature (Hillert, 1965; Watanabe and Masuda, 
1977)• 3h the model to be developed here, grain growth is still considered 
bo.occur at a. rate proportional to the net grain boundary curvature, 
only thin curyatnre is modified by the presence of the pore such that the 
dihedral angle criterion is satisfied at the pore comers. The dihedral 
angle characteristic of the material, 20, is given by/
20 = 2cos”1(y_ ,/2v„ ) (2.2)
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where y^ ^ and y^ g represent the grain boundary andspore surface energies
respectively. Expression (2.1) is derived simply by balancing forces at 
the pore corners.
The main factors controlling the rate at which grain growth occurs 
apart from, as will be seen later, pore size are the grain boundary mobility 
and the pore surface self-diffusion rate. It will be useful to consider, 
briefly, what may loosely be described as the two limiting cases of the 
behaviour of the structure. In the first case, which corresponds to a 
structure similar to that shown in Fig.2.8b, the geometrical configuration 
is determined by minimising the total energy of the system with the con­
straints of constant pore and grain area. This corresponds to the situation 
where diffusion around the pore is much greater than the grain boundary 
mobility, and the pore is relatively free to move under the influence of 
the force resulting from the grain boundary curvature. 'In the second 
case the total energy of the system is minimised subject to the constraint 
of constant pore area and pore position. This corresponds to the situation 
where pore surface diffusion is low and the pore cannot move freely.
Various anomalies arise when this calculation is performed. Firstly the 
model predicts that the quadrilateral grains have a small negative curva-
I
ture implying that they would prefer to grow. Also, as the pore area tends 
to zero, the non-equilibrium structure shown in Fig.2.i*a results. The 
first of these anomalies is probably due to the fact that the structure 
is allowed to assume a minimum energy configuration, subject to constraints, 
by rapid diffusion around the pore surface which should not be possible 
as this second limiting case corresponds to the situation where, as men­
tioned above, pore surface self-diffusion is very low. However this con­
figuration can be approached, although not particularly closely, in reality, 
only the grain boundary assumes a small but positive^curvature. In all
-  d.\J -
calculations grain and pore boundaries were taken as circular arcs.
2.5 Grain Edge Pore Drag During Grain Growth
As previously stated, a grain boundary vill always migrate towards 
its centre of curvature at a rate proportional to its curvature. From 
Hillert (l965)s grain boundary migration occurs at a rate given by
3R = -My (2.3)
at — E‘
In (2.3), R represents the radius of curvature, M is the grain 
boundary mobility. The two-dimensional porous structure under consideration 
has been described in Section 2 . it will be convenient, however, to con^ 
sider this structure as a cross-section of a three-dimensional structure 
comprising.Infinitely long prismatic pores and grains. It is assumed that 
the pore comprises three circular arcs, two of radius R^ and one of radius 
R2, and the portion of grain boundary is also a circular arc, of radius 
R3 as shown in Fig.2.9* The symbol \p denotes the acute angle subtended 
by the tangent to the grain boundary, at P, and the line of symmetry which 
passes through.0 and B.
Due to the grain boundary curvature there is a net force on the pore, 
pulling it towards the point 0. Pores move by a surface atom diffusion 
mechanism. The rate at which atoms plate out around the pore surface is 
governed by local variations in the quantity y, the chemical potential 
for surface atoms. The chemical potential for a curved surface with a 
constant radius of curvature R, is given by
V = ~Qyf.s t2-**)
~  •
\
where ft is the atomic volume. Strictly speaking, for a surface of constant
t
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curvature, such as those in Fig.2.9s no surface diffusion would occur 
because there is no point to point variation in y. Thus, whilst main­
taining the assumption that surfaces have this geometry, it is necessary 
in the present treatment to allow y to vary with position and relate it 
to the surface geometry by equating its average value over the surface 
to the actual value given by (2.1j). For the pore in Fig.2.9, shown en­
larged in Fig.2.10, points on the surface of radius Ej are defined by the 
angular coordinate which is measured clockwise from the broken vertical 
line drawn through C, the centre of curvature. Similarly, $2 defines a 
point on the surface of radius R2 with centre of curvature at B.
In this notation the diffusion equation in terms of the surface atomic 
potentials -yj and -y2, associated with surfaces of .radii Rj and R2 may be 
written (Tucker, 1978)
d2y \  = f tk T R ^ K ,
r
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and (2.5)
d2y2 ?= .ftkTR22K2 
DsSs
In (2.5) k is Boltzmann’s constant, T the absolute temperature, and 
K^(i = 1,2) is the rate at which atoms are deposited on the pore surface. 
The quantities and are respectively the pore surface self-diffusion 
coefficient and the diffusion layer thickness.
Assuming that as the pore moves an infinitesimal distance, towards 0, 
it retains its shape, the quantities and are given by
Kj = vsinif’j m d  k2 = vsin^  ^ (2.6)
ft ft
where v is the instantaneous velocity of the pore as its front surface 
moves from D to D* in Fig.2.10.
It is necessary to solve equations (2.5) subject to the following, 
boundary conditions. To ensure continuity of potential and flux at 
point P,
and
.1 dy^ = 1  dy9 
Hj d$j R2 d<j>2
when <j>^ = 6-ip and (f> = ir-ip-d, and since, due to symmetry, there can be no
diffusional flux at points E and D,
dy 2 = 0 when <|> = -0 (at E)
dy = 0 when «(> = ?/2 (at D)
a < j>2
Integration of (2.5) subject to the second two conditions gives
y 1 = -g js in t j j j  + 3 1cos6(|)1 + C2 (2.7)
and
y2 = ~32sin<f>2 + D2 (2.8)
where 3^(i - 192) = kTR..2v and and are constants of integration.
Rjtcoste-tfO-eose) = -R2cos(6 + rp) s (2.9)
■which can also be obtained geometrically, and
$x (cose (0-tJj)-sin(0-i!>)) + 02cos(0+i|)) = ' D2 - C2 (2.10)
The value of y given by (2.2) represents the average value of (^<t>) over 
a particular pore surface. Matching y^ and y^, obtained above, to their 
average values, ve obtain
■^ Y-r c = 31(cos(0-^)-cos0+icos0((e-i|;)2-e2)) + C
f*s 1  1   2 (2.11)
Rx (20-ip)
and
c = gocos(0+^) , ^ 
f-s _±  .(2.12)
R2 (0+i|>-tt/2)
The condition, that the grain boundary remains attached to the pore
• \-
at P is
vsinip - M y ,
— ^  • (2.13)
E3
from -which the quantities g and can be -written in terms of the angle if; 
as
’i = FEj2 i = 1,2 (2.lit)
R3sini|»
•where
The volume of the pore per unit length, V , is given by
V *= R02( (if>+0-7r/2)+cos(Tj>+0)sin(i|rt-0')+cos2(Tjri-0)cosijO 
P ■ 2 •
+• 2R22( (d-ip/2)-sin(d-\p/2)cos(6-ip/2) (2.15)
sin2 (d-ip/2 )tan(i/>/2))+
and that of the grain, /V , hy
&
y* = J ( (^ -7 r / l t )R 32-(ta n i|;-l)(R 3 e o s i|H -E 1co s(T |rfe ))2 
6
+ R 12(cos2(0+i|;)-(’i|;+0-7r/2)--sin(i{;+0 )cos (Vr+-0))
(2.16)
The quantity T, defined above, is a temperature dependent characteristic 
of, the material, which has units of JmT1. It is dependent on temperature 
not only through the factor T directly, but aiso through M and D . How­
ever, this temperature dependence will not be considered here and no dis­
tinction will be made as to whether T varies because of a change in temp­
erature or a change in material. It has been decided to characterise the 
behaviour of a material by its value of T because this quantity contains 
the ratio of the grain boundary mobility to the effective rate of diffusion
i.e. M/D 6 . For M/D 6 large or small, the behaviour of the material s s s s ?
can be thought of as corresponding to one of the two limiting cases
discussed in the previous section.
2.6 Results
To determine the behaviour of a material with a particular value of 
r9 it is necessary to determine the angle ip as a function of relative pore 
and grain volumes. This has been done by assuming a trial value of \p and
substituting ft into (2-9) and (2.15) to evaluate’R^ and • Using (2.l6),
R^ can be found which, when substituted into (2.110 gives 0^ and.g^.
Subtraction of C2.ll! from C2.12) eliminates the integration constants 
and D^, and results in tbe equation
02 Ccos9.C0-'^ l^ sinCe-ip)) + - g? cos(e+ip)
f.s
= i - i ' -  g2cos(e+if>)
R2 R j fty^  (^Q+ip-Tr/2) (2 . IT )
+ g1 (cos (0-i|j)-cos0+5COS0( (0-ij>)2-02).) 
% . s (2M;)
which must ultimately be satisfied by ip and the previously determined
quantities. Failure to do so requires a new choice of i|>. Equation (2.17)
has been solved ifteratiyely for various values of T, V and V .
P g
The results are presented in Fig.2.11, where the pore velocity is
shown as a function of pore to grain volume ratio. These results are for
a material (or materials) with a semi-dihedral angle, 0, of 50°. This
value of 0 was chosen to correspond to uranium dioxide (tio^ ) nuclear fuel,
the behaviour of which, during irradiation, we are concerned with later
in this thesis. . Values of f were chosen in the range 10_1®: -S f < 10~15Jnfi
For materials with T <10 17 it can be seen from Fig.2.1 that large pores
move slowly and can, in some cases, retard grain growth by several orders
of magnitude. As the pore volume decreases, the pore velocity increases
tending to a limiting value at the left hand side of Fig.2.11. For
materials with T in the range-10 17 < T < 10*"15 the pore velocity passes
through a maximum at some value of V /V . The physical reasons for this
P g
behaviour are not yet fully understood, the mechanisms involved and pore
geometries adopted in jreality are complex, and it may be that the structure
does pass through, a /maximum velocity* configuration as the pore volume
decreases. However, it may simply be that this apparently anomalous behaviour
is simply an artefact of the model employed. For low values of T (<10 17)
large pores move relatively quickly and actually slow down as they shrink.
The reason for this is that pore surface self diffusion is so large that
it contributes to the pore mobility. As the pore volume decreases, diffu-
si'onal distances decrease and consequently the contribution to pore mobility
associated with D decreases, and the behaviour is determined by the grain 
s
boundary mobility. In fact, this is the reason why all pore velocities
tend to a limiting value for small pore volumes, as the pore volume tends
to zero the value of D becomes immaterial.s
The limiting cases discussed earlier can be thought of as corresponding 
to material with high 10*"-15) and low (< 10~18) values of T. Typical 
geometrical configurations adopted in such materials are shown in Fig.2.12. 
Fig.2.12a corresponds to the case where f is small, that is,' D large and 
the pore moves relatively freely. Fig.2.12b corresponds to the case where 
T is large, i.e. Dg is small. Here the pore is almost immobile which is 
characterised by the very low curvature of the grain boundaries.
Values of T were chosen in the range 10~18 < r < 10 15 because for 
T <10""/8 all pores behave similarly and can be characterised by the 10 18 
curve, while for r V 10 15 large pores move very slowly and it was not 
possible to determine their behaviour accurately.
As mentioned earlier, a value of 50° was chosen for 0, to correspond 
to UO^ nuclear fuel. During irradiation typical values for the quantities 
comprising f are as follows.
—  £_ | —
T = ll*73K
M (Grain boundary mobility) =
D (Surface self diffusion coeff.) =1.6 * lO’”15m^ .S_1s
6 (Surface thickness) ' = 3 x 10 ^ ms
(Atomic volume) = 1 x I0~29m 3
y ^ (Grain boundary energy) = .13 Jm~2
These values give a value of fin the order of 10”l5Jm_1. It can be 
seen from . Fag.2 .11 therefore that large pores in UO^ move very slowly;, and 
in fact UO^ corresponds to the highest value of T for which the pore 
behaviour could be determined accurately. The calculations have as yet 
not-been-repeated-fordifferent dihedral angles, however, it is expected r 
that the results will be qualitatively similar.
2.7 • Discussion'
The work on non-porous materials presented in this chapter employs‘ 
idealised models which are somewhat removed from the structures observed 
in reality. However, they are still subject to the same principles and 
causes of grain growth and so enable this process to be investigated in 
the absence of the randomness which would otherwise make such a study 
impossible. The study presented here is entirely geometrical. The paths 
to grain growth in the various systems are obtained simply'by allowing 
non-equilibrium configurations, to dissociate while equilibrium configura-' 
tions follow the -(n-6) growth law. Here the term equilibrium Is used to 
describe structures consisting entirely of threefold nodes.
The models developed here are clearly capable of improvement and
extension. For example, curved cell edges could be introduced. In
\
particular the cell edges at the straight interfaces of Fig.2.2, and the
intermediate structures between these two limiting cases might be allowed 
to take up curved forms which are in equilibrium, subject to conservation 
of area of the individual cells. In this way migration of the interface 
by means of the climb of interphase boundary dislocations could be followed. 
Indeed an analysis of this type has recently been carried out on the devel- ; 
opment of regular bimodal and trimodal cellular structures (Hartland and 
Crocker, 198l). The parent and product structures in Figs.2.1 and 2.2 
both comprise uniform hexagons so the introduction of curved boundaries 
here would apply to the interface only and would not affect the final 
result. Indeed, fcrthe case of the rogue grain shrinking, the simple model 
as developed here seems to be particularly successful. However this is not 
the case when the rogue grain chooses to grow. At certain stages in the 
process the path taken is unclear and the introduction of the true grain 
geometry, i.e. curved grain boundaries, may help to alleviate this problem. 
The following discussion applies to the case of the rogue grain shrinking 
only.
The comers and steps that would exist in the interfaces have long 
range strain fields so that the curved cell edges would not be localised 
at the defect. However by restricting the range of the strain field, infor­
mation could still be obtained about this dynamic process. The steps in 
the interphase boundaries are effectively transformation dislocations in 
crystals (Christian and Crocker, 1980). Determination of the equilibrium 
curyature of cell edges near steps would thus be of interest. Other types 
of interface corresponding to antiphase boundaries may be generated if grain 
growth is nucleated at two or more centres. For example, the product cells 
of Fig.2.Xh occupy the sites of only a third-of. the -parent -cell's of Fig.2.la. 
Two other origins for the product structure are..therefore possible and
different origins result in boundaries where recrystallised regions meet.
Note however that none of these mechanisms rely on the pre-existence of 
dislocations in the cell structure as assumed by Hillert (1965) in kis 
model of grain growth. The present mechanism is simply based on the remar­
kable, but with hindsight obvious, fact that energetically there is nothing 
to prevent an individual grain, or any number of .grainsfrom either 
shrinking or growing until unstable nodes are generated.
The homogeneous, or regular, bimodal structure considered in Section 2.3 
is interesting as it is in a state of perpetual grain growth. The particular 
interface considered, which separates regions which have recrystallised 
around different nuclei, is only one of many such interfaces possible.
This particular interface, shown in Fig.2.5e, can also be obtained by a 
shear, in the relevant direction, of Fig.2.1*a, and is analogous to antiphase 
boundaries in ordered alloys which can be generated by either a growth or 
a deformation mechanism.
The defect nature of many of the structures considered here implies 
that it may be possible to develop a theory to describe cellular structures 
based upon pre-existing theories of crystal defects. For example, the rogue 
grain or point defect and Hillert*s five-seven pair, which corresponds to 
a dislocation, both have direct analogies in atomic crystals. This is also 
the case for the interfaces that separate parent-product or product-produet 
structures. The strain fields resulting from defects manifest themselves 
as grain boundary curvature or, if only straight grain edge models are used, 
non^equilibrium angles at grain corners. It would also be necessary to 
include dynamic effects into such a theory in order to account for the grain 
growth that results from instabilities introduced by defects. The possibi­
lities of developing a model along the lines suggested here are discussed
further in Chapter 3 where three-dimensional space filling structures are 
considered.
The model developed here to investigate the behaviour of porous materials 
appears to be particularly successful in predicting the expected qualitative 
behaviour. However slight anomalies do occur for certain values of the 
quantity T and further work is required to establish whether or not these 
are simply artefacts arising from the model. In the present treatment 
no account is taken of vacancy diffusion between pores and grains or of the 
diffusion of vacancies to and from the grain boundary sinks and sources.
The inclusion of these effects would require modification of the diffusion 
equation (2.5) and also the boundary conditions.
The quantity T has a temperature dependence of the form Te
where and Q are the activation energies for surface self-diffusion and 
grain boundary mobility respectively. For UO^ at 1'1*73K, F, as previously 
mentioned, has a value in the order pf 10 15Jm 1, and consequently the 
existence of grain edge pores has a marked effect upon grain boundary migra- .. 
tion. The two-dimensional structure considered here is taken to be the 
cross-section of a three-dimensional structure in which the pores have the 
form of infinite tunnels. It is therefore possible to obtain a rough estimate 
of the rate of grain growth in three-dimensional structures where the porosity
has the form of a system of interconnected grain edge tunnels. Grain growth
in such a structure would be slow but not quite as slow as indicated by 
Fig.2.11 as growth will occur by the migration of a greater number of grain 
boundaries. Porous systems of this type are investigated in Chapter 
although, grain growth, in such structures is not considered further. If the 
isolated pore model were to be extended to three dimensions, again the effect 
would be less extreme due to the reduction in the ratio of pore surface area
to grain boundary area. In the calculations it has been assumed that the 
grain boundary mobility, M, is a constant and a variation in T arises from 
a variation in Dg. If a change in i  is attributed to a change in tempera­
ture M will vary and the results presented in Fig.2.11 should be interpreted 
accordingly. For UO^nuclear fuel during irradiation M is also a function
i
of the time of irradiation, t, and is in fact proportional to t2 (Hargreaves 
and Newbigging, 1970)* This time dependence has also been ignored here.
For future work it would be desirable to modify the present model to 
icorporate the interaction of the pore with the bulk and the grain boundaries. 
The model could also be ■■extended to three dimensions,' although this may - 
prove difficult due to more complex pore geometries.
CHAPTER THREE
THREE-DIMENSIONAL STRUCTURES
3.1 Introduction
It has been known for centuries that the shape determining force for 
cells in a soap froth is surface tension. Plateau (1873) first observed 
the rules governing shapes controlled by surface tension. These rules 
are:
(i) Only three films can meet at an edge, each film meeting the other 
two at 120°;
(ii) Only four edges can meet at a point, each edge meeting the other 
three at equal angles of 109*^7°•
Structures disobeying these rules, even if symmetrical, are generally 
expected to exist only instantaneously as they represent high energy con­
figurations . That is, for a given number of grains the total grain boundary
'1
area is a minimum when Plateau's rules are obeyed. However, structures 
disobeying these rules have, on rare occasions, been observed experimentally. 
For example, in some biological tissues and metal crystallites where entities 
are not free to glide on one another until a stable configuration results.
Not only must grain shapes satisfy Plateau's. rules, but they must 
also satisfy the requirement that they fill space. No regular, or otherwise, 
packing of flat-faced polyhedra can satisfy all of these conditions, but 
the tetrakaidecahedron, described in Section 3.2, is the best approximation. 
Thompson (1887) suggested a modification to this polyhedron such that all 
of the above requirements are satisfied. This involves distorting some 
of the tetrakaidecahedron's. faces in such a, way that the mean curvature 
remains, zeiro (identical grains). In Section 3.3 we present Thompson's 
analysis and extend it to non-uniform structures.
As bubbles, cells and crystallites aggregate to fill space, the form 
assumed by individual polyhedral units depends not only upon the above 
requirements, but also the history of the aggregation itself.- For example, 
crystallites nucleate in the melt randomly in space and time and therefore 
grow at different rates, impinging upon one another, until complete solidifi­
cation has occurred. It is expected that any unstable configurations 
created during this process will rapidly readjust. As grain boundaries 
deform to satisfy Plateau's rules they will in general adopt a complex 
form with non-zero mean curvature. Consequently these grain boundaries 
will move towards their centre of curvature as atoms migrate across them 
in the opposite direction. Therefore, whether a grain shrinks or grows 
depends upon its net mean curvature. In two dimensions this was determined 
by the number of grain edges, n, and was in fact proportional to (n - 6).
As yet, there exists no three-dimensional analogy to this behaviour, although 
Rhines and Craig (197*0 have observed experimentally that on average grains 
with more than fourteen faces tend to be concave (negative net mean curva­
ture), while those with less than fourteen faces are convex (positive net 
mean curvature). Whether or not this indicates that the three-dimensional 
analogy to six, in two dimensions, is fourteen is not obvious and will be 
discussed further in Section 3*5*
In three-dimensional structures, unstable nodes can result from the 
annihilation of edges, faces or grains, and dissociate instantaneously 
to lower energy configurations in a way similar to that described for 
two-dimensional structures in Chapter 2. If a single edge vanishes, an 
unstable sixfold node will result and this will dissociate into two four­
fold nodes by the creation of a new grain edge at right angles to the one 
lost. The disappearance of a trilateral face also results in a sixfold
node which again dissociates into two fourfold nodes hy the creation of 
a new grain edge which is at right angles to the face lost. If a quadri­
lateral face vanishes an eightfold node will result. This may dissociate 
into four fourfold nodes by the creation of a new quadrilateral face which 
is orthogonal to the one lost. This can be described as a neighbour 
switching process in three dimensions (Morral and Ashby, 197*0. If a 
face with n + 1+ edges vanishes, it will do so first by losing n or n + 1 
edges and then proceed as above. Consequently, most grains just prior 
to annihilation are entirely composed of tri- or quadrilateral faces. The 
simplest grain of this type has the form of a tetrahedron. This has four 
vertices and so results in a stable fourfold node on annihilation. The 
disappearance of more complex grains results in the formation and subsequent 
dissociation of higher fold unstable nodes. However, it is expected that 
in a real polycrystal or soap froth most grains or cells just prior to 
annihilation are tetrahedral due to the high degree of asymmetry..-.
As in the two-dimensional case, the three-dimensional investigations 
presented in this chapter are restricted to uniform and non-uniform regular 
structures. In Section 3*2 grain growth is initiated by a single rogue, ■ 
grain either shrinking or growing in an otherwise uniform array of tetra- 
kaidecahedral grains. At this stage grain boundaries are assumed flat.
In Section 3.3, as mentioned above, we investigate grain boundary curvature 
in various idealised structures. In Section 3.*+ grain growth in homogeneous 
structures is investigated. Unfortunately due to the symmetry, tetrahedral 
grains, as described above, rarely occur in the following sections, although 
on annihilation grain faces are generally either tri— or quadrilateral.
3.2 Defects in Regular Structures
As has been done in two dimensions we now investigate the effect of 
a single grain shrinking or growing in an otherwise uniform array. If a 
three-dimensional polycrystal is to be in equilibrium;, three grain boundaries 
should meet at equal angles of 2 tt/3 along each edge and four grain edges 
should meet at equal angles of tf> = cos ^(-1/3) = 109.^7° at each grain 
corner. No regular array of polyhedral grains can satisfy these conditions 
but the body centred packing of regular tetrakaidecahedra is the best 
approximation (Smith, 1952). This polyhedron has six square and eight 
hexagonal faces as shown in Fig.3.la, and when packed, in a b.c.c. array 
the. hexagons and squares separate first and second nearest neighbours 
respectively, as indicated in Fig.3.lb. In this structure the edge angles 
are <f>(xl) and ^ = cos "1(-l//3) = 125.27°(x2), the corner angles being 
7r/3(xlO and tt/2(x2). The exact equilibrium conditions can in fact be met 
if the hexagonal faces assume a convoluted foim with zero mean curvature 
whilst the square faces remain flat as they are symmetry planes of the 
b.c.c. structure. This deformed tetrakaidecahedron, known as the a-tetra- 
kaidecahedron, was first proposed by Thompson (l887) and will be discussed 
in more detail in Section 3.3. In the present section all grain faces are 
assumed flat.
Allow one of the tetrakaidecahedra to change its volume In a uniform 
manner either by shrinking or growing until unstable nodes are generated. 
During this process the angles at grain edges and corners remain constant.
i
Thus the square faces remain square but the length, L, of their edges 
changes. Thus L provides a convenient measure of the progress of the 
mechanism. Fig.3.2 summarises schematically the cases of L = 2, 3/2, 1,
s
1/2 and 0, where L = 1 corresponds to the original uniform packing. The
figure shows the shapes and multiplicities of the different grain faces 
for the rogue grain (first column) and its first (centre column) and 
second (third column) nearest neighbours. These are assumed to be the , 
only grains affected at this stage.
First consider the rogue grain to shrink so that its square faces 
become smaller and its hexagonal faces become truncated equilateral triangles 
A critical configuration is reached at L = 0 when the square faces vanish so 
that the rogue grain has the form of an octahedron. Meanwhile, as shown 
in Fig.3.2, seven faces of the first nearest neighbours along with five 
faces of the second nearest neighbours have been changing shape and each 
second nearest neighbour loses a face corresponding to one lost by the 
rogue grain. At this stage eight grain edges meet at each of the six 
vertices of the octahedron. This is an extremely unstable configuration 
and so the eightfold node will dissociate. One possible dissociation is 
into two fivefold nodes. This is still an unstable configuration. The
f \-'J .
rogue grain will continue to shrink to nothing motivated by its unstable 
nodes and its increasing convexity which would occur in practice to try 
and satisfy surface tension requirements along its edges, but not at its 
corners. For similar reasons the six thirteen-faced grains may also begin 
to shrink slightly at this stage. When the rogue grain vanishes the con­
figuration is one of a sixfold node surrounded by six fivefold, nodes.
All of these are unstable so further complex dissociations will occur and 
a process o'f irreversible grain growth will continue indefinitely.
Consider now the growth of the rogue grain where its square faces 
increase in size and its hexagonal faces again take the form of truncated 
triangles. The process continues until, at L = 2, contact is made with 
its third nearest neighbours and sixfold nodes are formed at its comers.
The situation corresponds, as shown in Fig.3.2, to the elimination of 
three square faces on each of the first nearest neighbours, a further four 
•faces changing their shape.: Again five faces change on the second nearest 
neighbour but none are lost. The structure is now unstable and dissocia-. 
tions will occur.
"Whether or not the growth andcontraction mechanisms illustrated in 
Fig2>.l will occur in practice depends on the changes in total grain boundary
area, and hence the energy, involved. In units of the energy of a perfect
grain the total energy changes -are found to be -0.017 for L - 3/2 and 1/2, 
and -.070 for L = 2 and 0. In fact the variation in energy in the range 
0 C L  £ 2 is parabolic with a maximum L = 1. Thus , unlike the two- 
dimensional case where corresponding energies are constant, changes do 
occur in this three-dimensional model and it appears that the regular 
structure is marginally unstable. It is possible that as in the two- . 
dimensional case a nucleus of large product cells is generated and the 
interface between these and the parent cells can again be described in 
terms of-arrays of dislocations. Alternatively, in the case of a single 
grain growing, depending upon how the unstable nodes dissociate, it is 
possible that the rogue grain will continue to grow.. If this is the case 
a nucleus of larger product cells will not result. Only the rogue grain
will grow, and may continue to do so indefinitely. - .
3.3 Grain Boundary Curvature and Equilibrium Structures
In Section 3;2 the polycrystal consisted, initially, of regular flat­
faced tetrakaidecahedra. This polyhedron was chosen as it closely approxi­
mates surface tension requirements. In fact it is the only polyhedron 
that will pack to form a uniform four-connected structure completely
filling space. Plateau’s rules can be satisfied if the tetrakaidecahedra 
are modified in a way first suggested by Thompson (1887). He proposed 
that the only regular division of space which satisfied surface tension 
requirements was the a-tetrakaidecahedron shown in Fig.3.3a. Here the 
hexagonal faces assume a convoluted form with zero mean curvature. The 
square faces remain flat as they are symmetry planes of the b.c.c. structure, 
but their edges become curved. An approximate form of the convoluted 
hexagonal faces can be derived in the following way (Thompson, l887)«
Consider a single hexagonal face at the centre of which lies the 
origin of a coordinate system (x,y,z), as shown in Fig.3.3b. The require­
ment that the mean curvature be zero is expressed as (e.g. Kreyszig, 1959)
82z (1+9z2) — 29z 3z 92z + 92z (1+9z2)
9x2 9y 9y 9x 9x8y dy2
----------    = 0  (3.1)
(1 + 9_z2 + 9z2)3^2 
3x 9y
where z = z(x,y) the displacement of the surface in the z direction. The 
requirement that the angle between the hexagonal and quadrilateral face 
is 2 tt/3 is expressed as
nH.nQ = 1/2 (3.2)
in terms of .unit norma.ls n^ and at all points along their common 
edge. At point b (pig.3.3c), where z = (ob-x)/2,' (3*2) becomes -
>/I73 - /273(3Z/3x) ■ ,
_________________  = 1/2 (3.3)
If displacements in z are small and continuous (3-1) and (3.3) can 
be approximated by
V2z = 0 (3.U)
and
9z - .09^ +73 at a and c (Fig.3.3c) (3*5)
3x
respectively. . .......
The hexagonal faces lie in {111} type planes and so must retain their 
threefold rotational symmetry. Therefore the required solution of (3.*0 
is .•
z = ln A r3 2^n+1 c^os3(2n+l)c}> (3.6)n=u n
with x = r cos<}>, y = r sin<j>. t,
Taking the first two terms of (3.6) and applying (3»5)9 Thompson 
obtained the following solution:-
z = .03626r3cos3<f> - .005l6lr9cos9<f>•
when oa = 1.
v.r., Since- surface tension is^ -the controlling factor in-grain shape, the . - 
surface area, and hence the energy, should tend to a minimum. Thompson 
made no attempt to calculate the reduction in energy but the present author 
-has ■ shown^* by- integration over approximate surfaces, that the h-tetrakai-- 
decahedron requires only about 0.5$ less surface area to enclose the same 
volume as the flat-faced tetrakaidecahedron.
~— • The stability of - the equilibrium packing of a-t etrakai dec ahe dr a' depends : 
on the variations in grain boundary area (energy) as it departs _from
uniformity. In Section 3.2 it was found, assuming flat faces, that the 
energy reduced slightly. This reduction is expected to increase if the,• 
flat faces are allowed to satisfy surface tension requirements, hut no 
calculations are performed here because the square face of the rogue grain 
adopts a non-zero curvature and it becomes difficult to apply the boundary 
condition corresponding to (3*3). Instead we will consider the homoge­
neous bimodal body centred cubic structure of Fig.3.^a which is described 
below.
The bimodal structure is obtained from a regular packing by allowing 
the grains central to the b.c.c. unit cells to grow at the expense of those 
located at corner sites. This process can also be described as truncation 
and vertex motion (Williams ,R, 1972). The resulting structure consists 
of equal numbers of large and small tetrakaidecahedra. Each small (large) 
grain has large (small) first nearest neighbours and small (large) second 
nearest*-neighbours. All angular relationships remain unchanged. The average 
energy per grain is given by the expression •
- E = 28.85 + 1.861 - .93L2 ■   (3.7)
where L is the edge length of the small square faces which separate the 
small grains, such that 1 = 1 corresponds to the uniform structure where 
E is again a maximum.
Modification of this structure to obey Plateau’s rules again results 
in convoluted hexagonal faces and flat quadrilateral faces. Making an 
analogy with the two-dimensional hexagonal structure, where zero energy 
variation was accompanied by constant (zero) curvature, we will assume 
that for the three-dimensional structure in question the mean curvature
s.
of the hexagonal faces must depart from zero if there is to be any
— TJ. —
variation in energy, in this case a decrease. A surface of zero mean cur­
vature is, as previously mentioned, generally a minimal surface, so the . 
introduction of non-zero curvature may "be expected to increase the total 
surface area of the system. However, the structure is no longer uniform 
so Thompson’s solution no longer applies and it will he seen that the total 
grain boundary area of the equilibrium homogeneous bimodal structure is 
less than that of the uniform structure, as expected.
The hexagonal faces of Fig.3•kb must now satisfy equation (3.1) with 
the right hand side replaced by the curvature K. A solution to this 
equation is a solution of (3.1) plus a particular solution of the modified 
form of (3.1) 5 a particularly simple one being a sphere of radius 1/K. 
However, as in the case of the uniform structure, we will approximate the 
curvature equation by
V2z = K . (3.8)
Poisson’s equation. A solution to this equation is the paraboloid
z = Rr2 —  , .. (3.9)
k
which approximates a sphere for small z. The boundary condition to be 
satisfied is
3z/8x = .09^735 at x = a and b in Fig.3.kb.
Approximating the homogeneous solution by its first term only, we , 
obtain the result
z = . .0317 (2b-a )r 3cos34> + Kr2 (3.10)
a2 k s
•where
K = .1895 (a--b) (3.11)
ab
which predicts the correct result for the uniform structure i.e. K = 0 
if a = b. For a ^ b the small grains become convex while the large grains 
become concave by an equal and opposite amount. So as soon as the structure 
departs from regularity the curvature departs from zero and grain growth 
will occur as atoms migrate, from the .convex side of the boundary to the . 
concave side reducing their potential energy and hence that of the structure 
as a whole. This shows that the equilibrium uniform structure is unstable
...as expected., -although _jio ..calculation of the energy* variation has. been-  ..
performed. .
Before continuing it will be stressed again that in considering regular 
and homogeneous structures we are.not attempting to approximate real poly­
crystals, but to investigate the causes and mechanisms of grain growth 
without the intractable randomness experienced in reality. However, it
-has been, assumed.,in.-some, .studies-that the tetrakaidecahedron .represents -    ..
the 1average* grain. If this was the case there should be an abundance 
of four and six sided faces, but experiment (Matzke and Nestler, 19^6;
Williams and Smth,.. 1952) shows that most faces are pentagonal. > In 1967 s " 
Williams ,R.E.-, suggested a modification of the a-tetrakaidecahedron to 
one having a majority of pentagonal faces, the 3-tetrakaidecahedron shown 
in Fig.3 * 5 * This-polyhedron is produced by bringing together certain 
vertices of the a-tetrakaidecahedron and then separating them again to 
create a new edge at right angles to the one lost. The resulting g-tetra- 
kaidecahedron' can-pack-together to form a body centred tetragonal lattice r 
that fills space, obeys surface tension requirements but requires some
h% more surface area than the a-tetrakaidecahedron to enclose the same 
volume. The reasons why natural packings of bodies seem to prefer the 
composition of faces exemplified in the g-tetrakaidecahedron is due to 
random aggregations of grains, if grain sizes are.uniform, together with 
grain size variations otherwise. For a uniform polycrystal the total 
energy could be reduced if the structure transformed, possibly by the . -
reverse of the process described above, to one of a-tetrakaidecahedra. 
However, although * this process is energetically favourable, intermediate 
structures may have a higher energy thus the g-tetrakaidecahedron may be 
a local minimum separated from that of the a-tetrakaidecahedron by an 
energy barrier. Alternatively, other paths to lower energy configurations, 
not considered here, may exist for a structure of g-tetrakaidecahedra. Of 
course, as the g-tetrakaidecahedra structure is uniform it cannot be used 
to describe non-uniform structures in anything more than a topological 
way. However, it may be possible to vary the grain sizes in some regular 
fashion-so as to represent non-uniform structures. This is an area for 
further investigation.
3.^ Homogeneous Structures ,
Homogeneous structures, or multiple (n) species packings, were invest­
igated in two dimensions for-n =-l and 2, also an n = 3 -structure was 
mentioned. Earlier in this Chapter particular three-dimensional structures 
with n = 1 and 2 were discussed. There exists in three dimensions various 
•other multiple species packings-which form four-connected structures- and 
fill space. In order to balance surface tension forces along edges and 
at corners the grain boundaries will in many cases adopt a complex form.
- *In-the following -it will--be assumed, - for simpli citybhat all* 'grains have -
the form of flat-faced polyhedra although the curvature that -would he 
assumed in practice is discussed qualitatively.
Let us start hy considering the uniform packing of flat-faced tetra- 
kaidecahedra shown in Fig.3.lb, and shown again in Fig.3»6a. It has "been 
shown that it is energetically favourable for the structure to depart from 
this uniform state. Let us assume that it does so in the homogeneous way. 
described in Section 3-3, resulting in the bimodal structure of Fig.3.^a 
(shown again in Fig.3*6b). The large grains will continue to grow until 
they become cuboctahedra and the shrinking grains octahedra as shown in 
Fig.3.6c, here the ratio of grain volumes is 0.2. At this stage the eight­
fold nodes at the vertices of the octahedra will dissociate to reduce the 
grain boundary area. This dissociation can occur in one of two ways. 
Firstly, as with the rogue grain of Section 3*2, the eightfold node can 
dissociate into two fivefold nodes, as shown in Fig.3«6d. This configura­
tion is still unstable causing the octahedral grain to shrink at a faster 
rate until it disappears, resulting in the uniform cubic structure shown 
in Fig.3.6f. This shrinkage is also accelerated by the increasing convexity 
of the grain as it grows smaller and the angles try to equilibriate, which 
is impossible due to the fivefold nodes. Alternatively the eightfold nodes 
of Fig.3.6c can dissociate into four fourfold nodes and this results in 
the creation of additional grain faces at right angles to the ones lost, 
an example of three-dimensional neighbour switching. This process is 
equivalent to an,initial dissociation into two fivefold nodes followed 
by a further dissociation of each of these into two fourfold nodes, and 
results in the rather complex tri-modal structure shown in Fig.3«6e.
This is a packing of truncated tetrahedra, truncated cubes and great . 
rhombicuboctahedra in a ratio 2:1:1. Shown in Fig.3.V6e is a particular
stage of the process where all edge lengths are identical. In this structure 
various angles exist between grain edges and faces. Corner angles between 
edges have the value 60°, 90°5 ;120° or 135°a while faces are inclined to - 
each other at angles of 70.52°, 109.1*7°, 90°, 125.26°, 135° or lU.73°.
By examining these angles and the structural symmetries a qualitative 
‘.description of the curvature adopted by each polygonal face'can be5 obtained. 
The truncated tetrahedral;grains must have positive, (convex) curvature on- 
both types of face, but with a higher value on the triangular faces. These 
triangular faces will bow out in a spherical fashion whilst the hexagonal 
faces may adopt a convoluted form on faces between the truncated cubes 
and great rhombi cub octahedra will also bow out spherically, with respect 
to the former, in order to obtain an angle of 120° along their common edge. 
The square faces of the great rhombicuboctahedra remain flat as they are 
in planes of mirror symmetry but their edges curve to allow for the concav- 
ity, with respect to the great rhomjpicuboctahedra, of the hexagonal faces. 
This grain boundary curvature will cause the great rhombicuboctahedra 
_to grow at the expense of the other grains while the truncated cubes gain 
material across the triangular faces from the truncated tetrahedra. This* 
process continues until the smallest grains vanish leaving a bimodal cubic 
structure of the type shown in Fig.3.6g.
Had the dissociation of the structure in Fig.3*6c resulted in the 
uniform cubic structure of Fig.3.6f, further dissociations would follow 
as all corners are unstable sixfold nodes. This further dissociation can 
occur in two ways and in both cases the sixfold nodes divide into two 
fourfold nodes. The first possibility is the bimodal cubic.packing of 
the type in Fig.3»6g which was also obtained, by a process of _grain growth, 
from the structure shown in Fig.3.6e. This is a packing of cubes and
octakaidecahedra in which there are two types of grain comer geometry. 
Edges meeting at the cube comers do so at angles of 90° or 120°, and it, 
can easily "be seen that the cube faces must bow out spherically, with 
respect to the cubes, so that these comer angles become 109*^ 7° and the 
faces meet at 120° along the cube edges. At the other type of comer, 
surface tension requirements are completely satisfied so the hexagonal 
faces remain flat. Again, the larger concave grains continue to grow at 
the expense of the smaller convex grains until the structure shown in 
Fig.3.6h is reached. Here the grains are identical rhombidodecahedra 
packing together in a face centred cubic array. Two distinct comer geo­
metries still exist, equilibrium fourfold nodes, and unstable eightfold 
nodes at which further dissociations will occur. This f.c.c. structure 
can dissociate in two ways. If each unstable eightfold node dissociates 
into four fourfold nodes by creating a new grain face, and if all of these 
new faces are parallel then the resulting structure will be one of tetra- 
kaidecahedra. Initially each of the grains will have eight identical 
hexagonal faces, four large and two small quadrilateral faces. If it is 
energetically favourable a regular tetrakaidecahedron .may result;-and,the 
cycle is complete. If the dissociations occur in such a way that one 
quarter of the grains grow and all of these grains are on the same simple 
cubic lattice, of the four comprising f.c.c., the simple cubic grain 
structure shown in Fig.3.6f results. Alternatively, the structure of 
Fig.3.6f could have dissociated into that of the type shown in Fig.3.6i, 
another bimodal cubic structure. This is a packing of octagonal prisms 
and great rhombicuboctahedra with a 3:1 ratio of small to large grains.
The grain boundaries will curve in the following way. The square faces 
separating the small grains have twofold rotational symmetry and will
remain flat. The remaining square faces, together with the octagonal 
faces, will how out spherically with respect to the prismatic grains. The 
hexagonal faces will adopt a convoluted form with zero mean curvature. As 
the small grains shrink there will come a point when they lose their quadri­
lateral faces and become lenticular grains lying in what are now quadrilateral 
faces separating the larger grains. When these lenticular grains disappear 
the large grains become regular tetrakaidecahedra. Each of which are eight 
times larger than those of the original uniform b.c.c. structure.
For completeness we mention one final structure consisting of cubes, 
tetrakaidecahedra and great rhombicuboctahedra, which is shown in Fig.3*6j, 
in a ratio of 3:1:1 respectively. As yet this structure does'not fit into 
any of the schemes.
The paths to homogeneous grain growth investigated above are shown 
schematically in Fig.3*7. At all stages grain boundary area, and hence 
energy, is reduced. When two dissociations of an unstable configuration 
are possible the path chosen will be that along which the energy reduction 
is the greater. However, we make no attempt to investigate the processes 
in such a quantitative way.
3*5 Discussion
Unlike the*corresponding two-dimensional case, only the early stages 
of rogue grain growth in three-dimensions have been examined. The most 
striking fact in this case is that the energy of the system actually de­
creases slightly as the rogue-grain either shrinks or grows. ; The-parabolic 
nature of this energy change could be an artefact arising from the use of 
polyhedra with flat faces. It is likely that when the rogue grain vanishes, 
dissociation ■ of-the resultant "sixfold node will eventually result in a ' "
nucleus of larger procuct cells. Clearly the structure of the parent- 
product interface needs to he examined in greater detail. This will involve 
- - a study - of -interfacial dislocations, including steps and corners, and of
\
the climb mechanisms which occur.
For the bimodal packing introduced in Section 3.35 it was also found 
-that for flat-faced-polyhedra, the energy of the system reduced-as one 
departed from the uniform structure. If the grain faces distort in order 
to satisfy surface tension requirements it can be argued that the energy 
reduction would be at least of the same order, if not greater. This is 
also the case when a single grain (rogue grain) changes volume. Comparing 
these three-dimensional cases with that of the two-dimensional hexagonal 
structure we make the following observations. Firstly that packings of . 
regular hexagons and a-tetrakaidecahedra are the only equilibrium space 
filling structures in their respective dimensions. Also, in two dimensions, 
hexagonal grains can shrink or grow quite randomly, up to and including 
the point when unstable nodes are first created, with no change in the 
total energy of the system. In three dimensions energy changes do occur. 
This difference in behaviour in the two cases is due to the fact that in 
the latter case the net mean' curvature of. individual grains departs from 
zero as one departs from the uniform structure, whilst in two dimensions 
the system is in total'equilibrium up to the point when unstable nodes 
first appear.
If the quadrilateral, and hexagonal faces of the tetrakaidecahedra
forming the uniform structure are given different energies y^ and y^ 
respectively, such that
2yH = yQcos(4>/2) (3.12)
where (f> = 109.^7°, then the equilibrium configuration is one of flat-faced
tetrakaidecahedra. As one departs from the uniform to the bimodal structure, 
all grain boundaries will remain flat and all corner geometries unchanged, 
and it has been shown (Ahmed, 1981) that the total energy of the system 
also remains unchanged. In fact the energy remains constant up to the 
point when one half of the grains have vanished and a uniform simple cubic 
packing results. During this process an unstable eightfold node is created. 
This is assumed to dissociate into two fivefold nodes which remain until 
the small grains disappear. If the further dissociation of this fivefold 
node had been considered lower energy structures would probably have re­
sulted. Another example of this energy change/curvature connection is 
the case of a single grain shrinking in an otherwise uniform array of ' 
rhombic dodecahedra. Here all of the grain faces are flat and some of 
the nodes are in equilibrium, but others are extremely unstable, being 
the junction of eight edges. If one ignores these instabilities and allows 
a single grain to vanish by the simultaneous growth of its twelvev nearest 
neighbours, the present author has shown that again there is no change 
in the total energy of the system.
In Chapter 2 it was stated that the growth of a two-dimensional grain 
is entirely dependent upon its number of edges. Whether an analogous 
result exists in three dimensions has not yet been established. Rhines 
and Craig (197*0 have, as previously mentioned, observed experimentally 
that grains with fewer than fourteen faces are generally convex and would 
therefore tend to shrink, while those with greater than'fourteen faces are 
concave and therefore tend to grow at the expense of their smaller convex 
neighbours. However, in the bimodal structure described earlier, grains 
with fourteen faces were found to exist with negative, zero or positive 
net mean curvature. The apparent contradiction here Nis possibly due to
the regularity of the idealised structure. The observations of Rhines 
and Craig indicate that there exists an expression analogous to (2.1) 
for three-dimensional structures. Consider this expression to have the 
form
n = Ik + A(R - 1) (3.13)
Rav
where R is some measure of the size of a grain with n faces, R is the° 5 av
- average value of this measure-.and A is a constant. If- one ignores homo- 
geneous structures, the number of faces of a grain just prior to annihilation 
is four, that is, as R 0, n A. Therefore the value of A is chosen
- to -be lO. - -The number -fourteen has been-chosen provisionally as the number 
of faces on the average sized grain, i.e. n = 1^, in view of the obser­
vations of Rhines and Craig together with other experimental evidence
- (Matzke and Kestler, 19^6; ; Williams ; and Smith, 1952) which tends towards ■ 
this figure. However, this result, n&^ = ll+, does not hold for certain
of the homogeneous structures described in the previous Section, for example, 
"the" structure shown in Fig. 3 has an average of 11.6 per grain, so flM  
does not have the same topological significance in three dimensions as 
,6I has in two dimensions. It is obvious that there is a need for more 
•concrete theories to describe three-dimensional cellular structures-. It - 
is also obvious that such theories may not exist or at least require a 
radical change in methods of three-dimensional analysis, due to their 
elusiveness.
Morral and Ashby (I97IO have shown that the three-dimensional analogy 
to Hillerts five-seven pair defect, in a hexagonal array, is a row of 
thirteen-, and fifteen-faced grains in an otherwise regular array of
uniform tetrakaidecahedra. The dislocation nature,of this defect and the 
point defect of Section 3*2 indicate that it may be possible to develop 
an analytical procedure for investigating the properties of cellular : 
structures based on theories of defects in crystals. Such theories -would 
require the additional requirement of incorporating the sizes and shapes 
of the cells and not just their locations. Another example that indicates 
the existence of such a procedure is the dissociation of rhombic dodecahedra 
that results directly in tetrakaidecahedra described in the previous 
section. If use is made of the Bain correspondence (Christian, 19&5) an<^  
the rhombic dodecahedra, which lie on an f.c.c. lattice, are considered 
to lie on a tetragonal body centred lattice, as shown in Fig.3.8, a sub­
sequent strain in the relevant direction will result in a b.c.c. packing 
of tetrakaidecahedra. Hence the particular dissociation mentioned above 
is analogous to martensite transformations of y ^ * c*c*) a(b.c.c.)
iron. Continuation along these lines will require the introduction of -y
additional concepts such as twinning polyhedra, corresponding to the 
structure of the a phase of the crystallographic transformation mentioned 
above. Also, any such theory would require an investigation and categori­
sation of homogeneous structures on the lines of Section 3.U, as these 
would represent the perfect lattices in which to introduce defects.
The main reason for the investigation of homogeneous structures carried 
out in Section 3.^ is that these-structures enable the main causes of grain 
•growth to be observed in isolation of the inevitable randomness that 
generally exists in reality, and allows only experimental investigation 
of polycrystalline structures. Although, as mentioned earlier, such 
structures are in most cases too ideal and this results in a much higher 
frequency of unstable configurations than would be expected in less
symmetric structures. However, this in no way invalidates the models 
presented here as their behaviour is still entirely dictated by surface 
tension and the need to minimise the total energy of the system. The 
most significant fact to emerge here is that no three-dimensional structure 
is in stable equilibrium, and consequently grain growth will always occur.
CHAPTER FOUR
POROSITY IN THREE-DIMENSIONAL STRUCTURES 
L.l Introduction
The three-dimensional pore structure considered is one of a network 
of interconnected tunnels along the grain edges, to which there is no 
two-dimensional analogy.
Until now all attempts to calculate the equilibrium morphology of 
interconnected porosity have been restricted to that formed in an ideally 
uniform grain-sized material, in which all the grain edges are of identical 
length and meet at each grain comer with exact tetrahedral symmetry. In 
reality, of course, material grain sizes are non-uniform, and it is not 
obvious from existing calculations what effect grain-to-grain variations 
in size will have on interconnected pore stability. The obvious difficulty 
in approaching this problem arises from the infinity of possible grain
•y
morphologies that could occur in such materials, a point which has been 
stressed throughout this thesis. For this reason attention here is re­
stricted to idealised solids formed from equal numbers of large and small 
tetrakaidecahedra (Section 3.^, Fig.3.6b). These structures possess the 
useful property that all of the grain corners have identical geometry, 
each being formed at the junction of two long and two short edges. Further­
more the grains become identical regular tetrakaidecahedra in the limit 
when they are all of the same size, which is just the morphology that was 
assumed in earlier calculations.
k.2 The Occurrence of Interlinked Grain Edge Porosity
Interconnected networks of grain edge pores occur during the inter­
mediate- stage of sintering of powders. In attempting to minimise its
surface energy the pore structure shrinks in volume by the diffusion of 
vacancies to grain boundary sinks, at a rate sensitively dependent upon 
the net pore surface curvature. In early theories of sintering, such as 
that due to Coble (l96l), the interlinked tunnels were treated as circular 
cylinders, and no account was taken of the anticlastic nature of the actual 
surfaces. In consequence these theories tended to overestimate the sinter­
ing rate compared with more recent calculations (Beere, 197lia) in which 
the surface morphology has been treated more realistically. The inter­
mediate stage of sintering gives way to the final stage when the tunnels 
collapse, leaving isolated closed pores at grain corners and possibly 
also along the grain edges. In this event there is a sudden change in 
curvature and a consequent variation in sintering rate. It is not possible, 
without careful consideration of the stability of the interconnected net­
work to estimate the pore volumes at which this transition occurs.
Networks of such pores are also encountered in UO^ nuclear fuel 
during irradiation, as a result of fission gas bubble formation on grain 
boundaries (Turnbull and Tucker, 197^; Tucker, 1979). These bubbles grow
in size and number, eventually spilling onto the grain edges where they
\
can take up energetically more favourable configurations and coalesce 
to produce an interlinked tunnel structure. Interconnected tunnels may 
clearly be seen in the scanning electron micrograph of the fracture sur-_, 
face of irradiated UO^ fuel shown in Fig.^.l, together with lenticular­
shaped grain face bubbles. Apart from causing an important volume expan­
sion of the fuel the interconnected channels provide an easy path for fission 
gas to escape from the interior regions. Any instabilities in the net­
work which result in tunnel collapse hinder the gas flow, and this could 
be especially significant in reducing the release of "short-lived unstable 
species (Tucker and White, 1979).
A third example of interlinked structures is encountered in two- 
phase alloys. For example, if the alloy, after being fabricated by .heating 
the components above the solidus, is cold -worked on cooling and then annealed 
at a temperature above the melting point of one of the phases, the sub­
sequent recrystallization -will result in the liquid phase forming an inter­
linked structure which penetrates all grain edges and corners (Smith, 196^)* 
The three kinds of interconnected microstructures described above, 
each technologically significant but in widely differing respects, share 
the common property of embodying continuous surfaces. These surfaces form 
tunnels which would otherwise be the grain edges of a polycrystal. Also, 
in each case the surfaces are remarkably smooth indicating that surface 
or interface diffusion is significantly rapid for configuration equilibrium 
to exist, or at least to be approached very closely.
V.-3 The Idealised Non-uniform Polycrystal, ,v
The polycrystalline geometry assumed here has been described in the 
previous chapter. However, it will be useful to redescribe briefly these 
structures here in the context of the current chapter...
The geometry of the grains assumed in existing calculations of inter­
connected porosity, for' polycrystals of uniform grain size, is that of a 
regular tetrakaidecahedron. This polyhedron (Fig.3.la), "which has six 
square-and eight hexagonal faces, packs together with its neighbours to 
produce a space filling b.c.c. array. In this structure a grain edge
converging on a grain corner meets two other edges in angles of 12CP and
o .the third at 90 , whilst the three gram boundaries intersecting along
any grain edge meet at two angles ^ = cos”"^. (-I//3") = 125-27° and a
third angle <f> = cos ^ (-1/3) = 109.^7°. The inconsistency of this model 
vith the assumption that the grain boundary energy be minimal vill not be 
discussed again here. It vill suffice to say that for simplicity, in both 
the unimodal and bimodal models, grain volume calculations assume flat­
faced grains vhilst pore volume calculations assume the equilibrium config­
urations described in Section 3.3.
The idealised uniform model of grain structure is easily generalised 
to take into account variations in grain size. If the polyhedra at the 
corners of the cubic cells of the b.c.c. array of grains are alloved to 
grov at the expense of those occupying body-centred locations equal numbers 
of large and small grains are obtained as shown in Fig.3.6b. Each corner 
is the junction of two long and two short grain edges vhilst angular rela­
tionships remain the same as in the regular structure. As the tvo grain 
types comprising the polycrystal become more unequal in size, a point vill 
be reached, at a volume ratio of 0.2, at vhich point the smaller grains 
become octahedra vhilst the larger ones become truncated cubes. This has 
already been described as an unstable structure vhich in practice could 
lover its energy by dissociation of the eight-fold nodes. However, the . 
resulting.grain morphologies would be rather complex so in the present 
investigation consideration vill be concentrated on structures vith grain 
volume ratios in the range 0.2 to 1.0 for vhich all grains are tetrakai- 
decahedral.
k.k Pore Topology in Bimodal Polycrystals
The various pore topologies that can exist in the idealised non-uniform
polycrystal described above are shown schematically in Fig.h.2. The repre-
\
sentation is similar to that in Fig.3.2 where different grains are represented
two dimensionally by their polygonal faces. Each of Figs.lj.2a-li.2h describe 
both types of terakaidecahedral grain, the small grain by the hexagon and 
small square, the large grain by the hexagon and large square. Here, 
however, it is not as important to distinguish between the two types of 
grain to consider the continuous network consisting of long and short
grain edges. In Fig.ii.2 regions of porosity are shown shaded, and the , 
remaining open regions represent grain boundary.
In the case of fission gas release from nuclear fuel Fig.lj.2a cor^ 
responds to an early stage where the porosity consists of isolated pores 
situated on grain boundaries, along grain edges and at grain corners.
As the pores grow in size and number it is expected that they vill link 
up first along the short edges, Fig. lj. 2b, and then along the long edges 
as shown in Fig. lj. 2c, thus forming an interlinked network of tunnels which, 
depending on the volume of porosity, may or may not be stable. In some 
instances it is possible that the grain face decohesion may occur before 
tunnels form along the longer edge, resulting in the structure shown in 
Fig.li.2d vhich represents large isolated pores completely engulfing the 
small square faces. The pore structure shown in Fig.lj.2e can result by 
the development of either of the structures shown in Figs. 1+.2c or lj.2d. 
Figs.lj.2f and lj.2g represent cases where decohesion has occurred on two 
different faces, while Fig.lj.2h represents the hypothetical case in which 
all grains have become isolated from each other.
For a polycrystal comprising identical tetrakaidecahedral grains the 
path taken during the development of porosity would be lj.2a c— *f — Kh, 
although it is extremely unlikely that fission gas would be produced in 
sufficient quantities for the last two stages of the process to occur.
For a bimodal polycrystal various paths may be possible depending on the 
relative edge lengths and the volume of porosity. The possible paths are:
Again, it is unlikely that the high porosity structures vill occur, these 
stages are represented by the broken arrovs. At each stage of the above 
processes there is a rapid readjustment of the pore shapes, thus it is 
not at all obvious vhat path the development of porosity vill take.
For the case of sintering in povders the process can be crudely des­
cribed as the reverse of the above. For a uniform sized povder (b.c.c. 
packing), the sintering process might follov the path k.2h •*- f ** c a 
(vithout the grain boundary pores). Whilst for a povder comprising tvo 
different sized particles, sintering might progress along one of the 
folloving paths:
4.2h
Again, at each stage there is rapid readjustment of the pore shapes as an 
equilibrium configuration is reached, so the path chosen is not obvious.
✓r
This section is an introduction to the topological types of porosity 
that can exist in the idealised structures described in the previous 
section. A considerably more detailed discussion of pore structure and 
development is given in section b.J.
Calculation of the Equilibrium Morphology of Interconnected Porosity
The analysis of the equilibrium morphology of interconnected porosity 
in uniform grain sized materials presented here is due to Tucker and
Turnbull (1975)* It is presented here as it forms the basis of the inves-
\
tigation of porosity in bimodal polycrystals presented later.
To determine the conditions for equilibrium of a system of interlinked 
tunnels it is necessary to calculate the work done in increasing the volume 
of porosity infinitesimally, and equating this to the consequent increase 
in surface energy. To render the problem tractable the following are 
assumed:
(i) The stability of the interconnected system as a whole is reflected 
in the stability of the grain edge tunnels, which are dependent 
upon each other for support;
(ii) The cross-sections of the tunnels are at all points curvilinear 
triangles set symmetrically about the grain edge, and whose sides 
meet at angles of 20 the dihedral angle characteristic of the 
material given the expression
20 = '2oo s'”1 (Yg>1/2Yf s^) (U.l)
where y and y„ represent the energy per unit area of the
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grain boundary and the free surface respectively.
Consider the surface element ABCD of a tunnel formed about the grain 
edge in Fig.*1.1 and intersecting the adjacent grain boundaries along AD 
and BC. The points A-,E,B and P lie in a plane and thus the curve AEB is 
the arc of a circle of radius r^. Also, it is assumed that the curve EF 
in the plane QEF is a circular arc, in this case of radius r^= QE = QF.
Under the action of an excess pressure, 3^  , within the tunnel, the 
element ABCD is stretched slightly to A ’B’C'D*. In order to maintain the 
dihedral angle characteristic the centre of curvature P moves to P*; thus 
r^ changes to r^ + dr^ = P’B’ while r^ becomes r^ + dr^ = QET. It follows 
that the change in energy, AE, due to this expansion, which is given by 
the expression
where AA^ g and AA^ ^ are the incremental changes in free surface and 
grain boundary area respectively, can be written approximately as
AE = y (AB x BC)dr ((l-2cos0sin(e-2)/{/3(e_E)})/r
I . s. 1 6 6 1
+ (l-2cos0//3)/(r2sin<f>)) (^.3)
The volume AV swept out by the moving surface is >
AV = (AB x BC)dx^{i-2cos0sin(0“ )//3(0-^ )}/sin<|i {b.k)
Equating ib.3) to Pe'AV, where AV is given by (li.li), eventually leads 
to the equation .(Tucker and Turnbull, 1975)
a_i(d2y/dx2) (l+(dy/dx)2) 3/2- - y 1 (l+(dy/dx)2) 1J 2
+ Qd^cosO/ZS)”1 = 0 (It.5)
which describes the tunnel profile in the plane QEF of Fig.il.3*
The quantity Q in equation (ii.il) is defined by the expression -
Q = aK(l-2cos0//3)/(l+a)
and : a = l-2cos0sin(0--)/ 3(0--) •
6 6
K, representing P /y„ , is the mean curvature of the pore surface and
0 X • S *
is constant everywhere..
In the notation Y = Qy.; -X. = Qx~, B = Qb where y=b at the mid-point 
(x=o) of the grain edge, equation (ij.5) may be integrated to give the 
expression
Y01 (1 + (dY/dx)2)’"1/2 = Y1** :- B1+a + Ba (i|.6)
and formally a second time to give
UJ-
(Y1+a- B1+a+ Ba)dY
y = / — —-----------------------   (lj.7)
B J  (y“_ I1+a+ B1+a- Ba)1/2(Yaf Y1+a- B1+a+Ba)>/2
Equation (*+.7) describes the shape of the tunnel profile in the x sy plane 
of Fig.k.l*.
The analysis presented above, although derived during an investigation 
of interconnected porosity in unimodular polycrystals, is at this stage 
general. That is, all quantities in equation (^.7) pertain to the particular 
tunnel in question. So one can describe the two tunnels of differing lengths 
in the uniform bi-modal polycrystal by the equations
r Yi (Y1+a- b4+°+ B?)dY
X. = 1 1 1
1 1 (Ya- Y1+a+ b}+CX- B?)l/2(Ya+ Y1+a- B^+a+ b“)i/2i i ' '  l
= J  <1>(Y,B.
A
)dY (h.8)l
B/'
. i
where i= 1,2, distinguishing the two different tunnel types.
In these expressions and in what follows it is assumed that K £ 0,
which is true in most cases of interest. Tucker and Turnbull (1975) have
discussed the method of solution for negative curvatures. The curvature
is defined to be positive in the same sense that a spherical bubble has
positive curvature.
The tunnel profiles' described by equations (^ 4.8) for a given material
with a given excess pressure depend upon b_^ , a measure of the minimum neck
width. In turn this quantity depends upon the grain edge length, 2Ji. .
i
through the requirement that a tunnel is held open by its neighbours at a 
grain corner.
The interconnected porosity associated with one grain corner is shown
schematically in Fig.h.*?. Here the tunnels centred at A AQ, A and A,
\ JL c. 3 ^
touch at the points etc. In their original calculation Tucker
and Turnbull (1975) insisted that the tunnel profiles joined smoothly at 
these points, a condition that reflects the interdependence of the tunnels 
for support. This approach cannot be applied directly to the present sit­
uation because of its asymmetry, for every long tunnel vill be joined at 
each end to another long tunnel and tvo short ones. Thus the tunnel along 
the long edge OA-^  in Fig.l*.5 is attempting to satisfy, at the interconnection 
B g vith the other long tunnel, the symmetric boundary condition.
tan-1(ayi7a/| * )  = U-*)/2 = tan_1(l//2) (it.9)
1 1 X 1~ %
vhilst at the other tvo linkages an<3- B_^ the tunnels are trying to 
satisfy the asymmetric condition
I # # ~\ &
^1+ = tan~ x* ) + tan~ x* ^1 mi 2 jq.2
= TT-(f> (^.10)
as in Fig.i+.6. The coordinate system (x|, y|) lies in the grain boundary 
plane as shovn in Fig.b.3* The interconnection points B etc. vhich have 
coordinates (x* -y* ) are constrained to lie on a line bisecting the anglemi mi .
(j) (Fig.J+ .5).
Since equation (h.5) "was derived assuming that the tunnels possessed 
threefold symmetry at all points along the grain edge, and since to try 
and treat the tunnels as being so asymmetric would render the problem 
intractable, it is necessary to approximate the end conditions (^.9) 
and (^.10) by an average condition to be obeyed at all three points B 
B^^ and. B^. If Tp is the arithmetic mean of the angular divergence betveen 
the profiles and the grain edge at the three points, then
(2tan~1(dy1/dx1lx^_ x*) +. (ir-f)/2)/3 ' (^.ll)
For short tunnels the equations corresponding to (If. 9) and (lull) 
may he written
tan-1(dy /dx | # *) = 1//2 (If-. 12)d d
and
= (S'tan^Cdyg/dXg'jx* ») + (tt—<f> )/2)/3 (If.13)
2 "C12
and combining expressions (If.9) - (If. 13) the relationship
\p .+ = 7T— (j) (If.llf)
- 1 2
is obtained. Thus in applying the interconnectivity end condition in the 
present problem, the gradients
QrJ a *. *  *
1 1 xi
at points such as vill be identified vith ijn , and the tvo types of 
tunnels, long and short, must satisfy an end condition vhich in mathematical 
expression is identical to equation (If.10). .
Writing this in alternative form
tan "He* + tan "Sc* = 2tan (^ ,i)
1 2 V2
vhere * • *
m.l
then it follows that
Kf =l dyi /dxi xf=x
K* = (2/2-k*)/(1+2/2k»)
£ 1 1 (■U .15)
For points on the tunnel surface
y. = (2sin(0-jr)/(/3-2cos6) )y.
U  6 1
when x* = x. and thus 
1 1
(/3-2cos0)
dY./dX.I = dy. /dx. I = ---------  k* = k . say (If.16)
1 l'X.=X ^1 l'x.=X .' #.’U\ 1 1i  i  2 s m ( 0 - - )
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Since ymi = ym2 and both constituent tunnel surfaces have the same 
curvature K
Y-, I = Yol - = 111 x-^xm 21 x2=xm2 m
and thus, combining equations (If.6) and (lf.l6) the expressions
Y1+a-Ya(l+K.2)”§ - b!+(X+B? = 0 i = 1,2 - (if.17)m m l , i i  s
are obtained. It may be shown that equation (If.17) yields two real and 
positive solutions for Y^ provided
0 £ B. ^ B. if k. > 0 1 is 1
B. n £ ;B. £ 1 if k . < 0i£ l i
(If .18)
where B_^ and B ^  are respectively the smaller and larger roots of the 
equation
B1+a-Ba + aa((l+a)(l+<2)i)-(1+o) = 0
For a particular choice of the corresponding value of may Be 
calculated froEj equations (If. 15) a-nd (*f.l6). If a value of B^ is then
chosen commensurate with conditions (if. 18), equation (if.17) may he solved,
when i = 1, to obtain the two solutions Y and Y „ (Y < Y „). If 9 . ms ml ms m£
-1/2/2. < k* < 2/2 it follows from equation (if.15) that k* and £ are both
positive and thus the lower solutions to equation (1+. 17) with i = 2 should
be taken for B0 both when Y = Y and Y = Y „, whilst if k* > 2/2 and 2 m ms m mil3 1
Kg is consequently negative the greater solutions for Bg apply. For values 
of < -1/2/2 the angle $ exceeds tt/2 and no solution exists for such a 
configuration. Thus for any particular values of B^ and within the 
appropriate ranges there are two associated morphologies which, as will 
be seen later, correspond in general to different grain volume ratios and 
fractional pore volumes.
To calculate these quantities it is necessary to evaluate the volumes 
of the tunnels and corners associated with each type of grain. The volume 
of a single tunnel is given by the expression
and where X . is calculated from equation (if. 8) when Y. = Y .i For simpli- mi 1 mi
city the volume of the corner itself, bounded by the end faces of the tunnels
valent points in Fig.if.5* Although this introduces an underestimate in the 
porosity volume,‘-the error is only of the same order as that of the rest 
of the calculation. The comer volume is given by the formula
X .
(4 .19)
where
0
D = (e~)a(/3-2cose)“2 
6
is approximated by a regular octahedron with vertices at B_^ g and all equi-
V = 8/6(Y sin(e--)/Q(/3-2cose))3 
c m' • 6
(if.20)
\
Each grain has associated with it eight edges of one type and four
of the other, as veil as six corners, and vill he referred to as a grain 
of type 1 or 2 depending upon vhether its eight identical edges are of 
length 2Z^ or 2%^. In this notation the volume of porosity V associated 
vith a grain of type y may he vritten, using equations (^.19) an<3. (ij-.20), 
in the form
Y
V ^  = 16DQ~3 / $(y,Bv)Y2dY + 8DQ ~3j $(Y,Bv)Y2dY 
B B
+ 1*8/6Q (Y sin(e--)/(/3-2cose))3 (*k21)m 6
vhere y,v = 1,2 and v^y, and vhere the function $ is defined as in equation 
■(*-8).
The lengths of the grain edges 2J^(y = 1 j2) are related to the maximum
tunnel dimensions x and y through the equationsmy my
:.Q£it =;l; = X ■■ + /2Y sin(e-J)/(/3-2cose) (k.22),.y ;-y my my -6
vhilst the volume, V , of a grain of type y together vith its associated 
porosity is given hy the expression
V = 8/2 (2£ +£ )((2£ +JI )2-3£2)/3 + 8/2£2U  +i ) {k.23)y y v  y v  y y y v
Since there are equal numbers of grains of’".each type, the fractional 
volume svelling of material, AV/Vo, defined as the volume of porosity per 
unit volume of material, may he vritten
&v/v„ = ((v^+vJ/Cv^ +V )-l)_1 (U.2U)o 1 2  Pi p2
vhich may he evaluated from equations (i*.2l) and (^.23).
For a given value of equations (^.17) and (1*.21) - (k.25) may he 
treated as a set of parametric equations in B^, chosen in accordance vith
conditions (*+.13) enabling equilibrium fractional pore volumes to be cal­
culated as functions of surface curvature for any grain volume ratio 
V^ /Vjp and any semi-dihedral angle 0. A listing of the computer program 
is given in.the Appendix.
if. 6 Results
The fractional pore volume AV/V given by equation (if.2if) can be con-
* * -1/3veniently represented as a function of the dimensionless quantity K = KV ,
vhere K is the net surface curvature introduced in Section (if.if) and 
V = (vp+ Vg}/2‘ is the mean grain volume. The calculations have been per­
formed for materials vith semi-dihedral angles, 6, of 50°, 70° and 90°, 
and the curyes obtained are shovn in Figs .if. 7 3 if .8 and I*.9 respectively. 
Certain portions of the curves could not be defined vith accuracy; these 
are shovn as dotted lines. These curves shov the behaviour of interconnected 
porosity in biv-modal polycrystals for various values of a, the ratio of the 
•yolume of the small grain to*'that of'the large grain. When e = 1, corres­
ponding to the degenerate unimodular case, the curves branch, for example 
* 0
at K = 3.8 for 6 = 7Q? and thus define tvo regions labelled I and II in
the diagrams. The continuous e = 1 curves (excluding the branch) are 
equivalent to the curves shovn in Fig. 10 of Tucker and Turnbull (1975) 
and correspond to highly' symmetric structures in vhich grain edges are 
occupied by identical tunnels. The branch separating regions I and II 
describes asymmetric pore systems in vhich tvo distinct tunnel shapes are 
involved, a possibility not considered by Tucker and Turnbull. In these 
instances tvo tunnels of each shape link at every grain corner.
Figs.if.79 if-8 and if.9 are qualitatively similar, so discussion vill
be limited mainly to the 0 = 70° case. Hovever, mention vill be made of
\
the 0 = 50° results vhich apply to UO^ nuclear fuel.
if .7 Interpretation of Results and Discussion
Before attempting to interpret the results for bimodal grain distri­
butions it is instructive to consider the meaning of the branched curve 
for vhich e -= 1. For clarity this is reproduced in Fig.if.10. To this end 
the calculations of White and Tucker (1978)5 "who considered interconnected 
pore behavious during fission gas release from U O ^ 0=50°) nuclear fuel, 
are instructive. During irradiation lines of equally sized and evenly 
spaced gas bubbles accumulate along grain edges, and eventually coalesce 
to form interconnected netvorks of tubes of similar radii (Tucker and 
White, 1979)* Along the grain edges the pore surface curvature is more 
or less uniform at this stage, but at grain corners vhere four tubular 
pores interlink the necessarily contoured structure has a high negative 
curvature. Consequently the porosity in the region of the Corv^ C. gains 
volume. If at the time of interconnection the fractional pore volume
AV/V is less than (AV/V)^ , , corresponding to the point F in Fig.^ f. 10,
“ o o
this transfer of material from corners to edges cannot result in an equi­
librium interconnected pore configuration, and the tunnels vill collapse. 
The resulting porosity vill consist of isolated pores at each grain comer 
and, for small values, of AV/V, vill also leave a number of closed pores
evenly spaced along the ‘grain edges. If AV/V > (AV/V)_ it is possible
*0
for the nevly formed pore system to adjust its shape by surface diffusion
until it takes up constant curvature configuration. In fact unless the
fractional pore volume exceeds (AV/V)- at point H in Fig. 1*. 10 there areMq o
tvo possible configurations that may be adopted.
According to White and Tucker (1980) after formation the tunnels
initially try to take up the higher curvature configuration, corresponding
typically to a point G betveen F and H on the e = 1 curve of Fig. 1+.10.0 0 0  0
The profile of these pores where they intersect the grain boundaries is
shown in Fig.11a. It is difficult for the pores to sustain this shape
however. If as this morphology is approached the necks of the mid-points
0,0' of the grain edge tunnels .are slightly narrower than they need be for
equilibrium, the corner regions which are correspondingly oversized will
continue to expand at the expenseTof the edges, and the interconnected
system wili collapse at 0 and O’ to produce an array of isolated pores at
the grain corners. This event is more likely to happen the nearer AV/V
is to (AV/V)„ , the minimum fractional pore volume at which equilibrium 
lo
is possible. Alternatively, if the tunnel neck is larger and the corner
regions smaller than they need to be as point is reached, the corners
shrink in volumeand the tunnels widen until the configuration corresponding
to the .point Eq in Fig.lulO, and shown in profile in Fig. 1*. lib, is achieved.
Thus it appears that morphologies corresponding to points between E^ and
are unstable, the slightest disturbance leading to either tunnel collapse
or the adoption of a more stable lower curvature configuration. Since
the point Hq relates to the limiting case of isolated pores at grain corners
just touching at the midpoints of the grain.edge there is no unstable
configuration possible for AV/V > (AV/V)^ „
o
In the foregoing, attention has been restricted to situations in which 
the tunnel shapes are identical along each grain edge, a reasonable assump­
tion for the.formation of grain edge tunnels during fission gas release 
in an ideal uni-modular grain sized material. However, the present cal­
culations allow for the possibility of asymmetric structures being formed, 
and demonstrate that constant curvature systems of interconnected pores 
can be formed when e = 1 in which two shapes of tunnel occur in equal 
numbers. These shapes correspond to points such as on the branch emanating
from in Fi'g.fy.10, the profiles of which, in an intersecting grain boundary,
are shown in Fig.1*.11c. There is no reason to suppose that this asymmetric 
configuration is unstable in the sense of that at Gq. More probably an 
energy barrier divides the states such as I and the symmetric configura­
tion both of which are local energy minima, so that, for the system 
to pass from one of these configurations to the other, a considerable 
disturbance away from equilibrium is required.
If the above assumption is correct, then this pore behaviour in uniform 
grain-sized materials sheds light on the meaning of those curves in Figs.
1*.7, 1*.8 and 1*.9 for which e <1. For certain values of e there are two 
distinct curves, one associated with each of the regions I and II. In 
region I, for 0 = 70° say, the lower limit of e = 0.6l is thought to be 
due to the limitations of the model. The lower limit for e in region II, 
again for 0 = 70°, is 0.1*1, below which the model predicts that no equi­
librium interconnected pore system can exist. This behaviour will be 
discussed in due course. The two branches have minima occurring at frac­
tional pore volumes of (AV/.V)1. and (AV/V)1? . In particular in Fig.m m  min * °
1*.10 the minima .in regions I and II for e = 0.8 are labelled B and F
respectively. The branches in regions II terminate at each end at well-
TT TT
defined fractional pore volumes given by (AV/V) and (AV/V) where the
1j r
suffices L and R indicate left and right respectively. As e decreases 
the two points approach each other so that no mathematical minimum exists
for e < 0.1*5, and no real solutions for e < 0.1*1. The limiting pore
I ^volume (AV/V) for region I occurs at K = -°°, corresponding to the hypo- -L
thetical situation in which the tunnels have become so large that they
have consumed each grain face, and all grains have become detached from
their neighbours. It has not proved possible to define (AV/V)^ with.H
accuracy so that the right hand ends of these branches are shown dotted.
The curves in Figs.^ +.T, ^.8 and I1.9 have been calculated for constant 
values of e, the ratio of the volume of material in the smaller grain to 
that in the larger one. Pore shape changes by surface diffusion will occur 
at constant ratios of the grain volumes when the volumes of the associated 
tunnels are included, and which in general differ slightly from curves 
of constant e. The corresponding curves, for 6 = T0°, are shown broken 
in Fig.il. 8 for grain-plus-porosity volume ratios, n, of 0.9 and 1.0, and 
differ only quantitatively from the curves although the lower limit does 
vary with dihedral angle, for.the corresponding values of s. In fact the 
difference is too small to affect the interpretation of the results.
The curves for e = 0.8 shown in Fig.il.10 exhibit most of the features 
-for-all materials-with grain volume ratios in the range 0.ii5 < e  ^1.0,
although the lower limit does vary with dihedral angle, and will now be
considered in further detail. Grain boundary profiles of tunnels corres­
ponding to points A - H in Fig.U.10 are shown in Fig.ii.12, demonstrating 
that the narrower necks occur along the longer of the grain edges in region
I and along the shorter edges in region II. It may also be seen from this
II IIdiagram that points (AV/-V)t and (AV/V)^ at which the curves in. region -n
•Lj n ,
II terminate, correspond to situations in which the tunnel widths at the 
mid-points of the short edges fall to zero and the porosity network no 
longer remains interconnected. Similarly at the point (AV/Vthe tunnels 
associated with the long edges have collapsed. The full significance of 
the results in Fig.l|.12 is complex, and is best illustrated by considering 
separately the influence of non-uniform grain size distributions on the 
processes of tunnel formation and development during, (a) fission gas 
release in nuclear fuel, and (b).. tunnel collapse during sintering of 
powder compacts. ■
(a) Grain Edge Tunnel Growth During Fission Gas Release in UO^
If during fission gas release a system of interconnected tubes is 
formed as already discussed it will collapse if the fractional pore volume 
does not exceed (^V/V)^n . If AV/V is above this level, corresponding 
for example to the broken line EqEGGo in Fig.H.10, then by analogy with 
the unimodular case the tubes will try, by surface diffusion, to adopt
t I
the constant curvature morphology at point G. Subsequently, since this 
configuration is almost certainly unstable, the interconnected system 
will either collapse or seek to take up morphology E, depending upon whether 
the neck at O’, the mid-point of the shorter grain edge is wider or narrower 
than it needs to be as point G is approached.
If collapse occurs then it is probable that this will enhance the 
bulbousness of the corner region still more, leading to the pinching-off 
of the wider neck at point 0 also. At lower values of AV/V this will result 
in an array of isolated pores each residing at a grain corner.- However, 
there exists-a fractional pore volume (AV/V)’ at which pores in such an 
array must touch along the shorter of the grain edges, as illustrated in
i
Fig.^ i.13a. if (AV/V)f < (AV/V)jp then at levels of AV/V between these two 
values the sequential collapse of the tunnel necks along first the short 
and then the long edges will be followed by reconnection of the porosity 
along the short edges as neighbouring corner pores overlap. Thus rings 
of porosity around the square faces of the smaller grains will be formed, 
as illustrated schematically in Fig.U. 13b, which will seek a constant 
curvature morphology. In doing so, as the tunnel necks widen along the 
short edges, the pores retract along the long edges. Thus the sought-after 
configuration will be of the type calculated in the present analysis when 
the porosity has pinched-off along the short edges, that is for points
— IJ -
J J.
(AV/V) for any value of e > 0.1*1. However, the rings of porosity will
L x
not he in contact along the collapsed edges and will thus correspond to 
fractional swellings and relative grain volumes different from the values
TT
of (AV/V) and e which in Fig.l*.8 (for 6 = 70°) characterise the adopted
J-i
shape.
The same situation could occur, also after the collapse during fission
gas release of an interconnected pore network, even when AV/V < (AV/V)1
since although the corner pores will he isolated immediately after the
event, -they would continue to he inflated hy fission gas atoms diffusing
to them until their fractional volume reached the level (AV/V)’ and the
ring-like pore formed. In hoth cases continued inflation of these partly-
connected tunnels would produce large volume pores with shapes corresponding 
IIto point (AV/V) for increasing values of e in Fig.l*.8. Once the effectiveJu
value of e has reached unity the shapes adopted will hegin to relate to 
points (AV/V)^ and to falling values of grain volume ratio. In so doing 
the closed arms extend further along their associated edges, and eventually 
link up when the effective e coincides with the actual value for the 
material.
At this stage the necks at 0 along the long edges will tend to open 
up hy the surface diffusion of material to the short edges, in an attempt 
to take up a constant curvature configuration. Since there are two large 
grains and one small grain associated with each long edge, and the opposite 
situation along each short edge, this process will lead to an increase in
the real value of e for the material. If (AV/V).? Increases with increasing
R
e then configurations such as that shown in Fig. 1*. 12c will he adopted,
which are stable. Conversely, if (AV/V)^ decreases with increasing eR ?
the only constant curvature configuration available to the interconnected
pores is of the type shown in Fig.1*.12a, corresponding to points such as 
A on the branch BA in Fig. 1*.10. Should the fractional porosity at the time 
of reconnection exceed (AV/V)^ no equilibrium configuration would beJj
attainable by the pore system, and as described earlier the grains in the
solid would theoretically become entirely separated. In practice, under
gravity or mechanical restraint pressures the grains would then fall into
a. closer packing, corresponding to a sudden rapid sintering and AV/V would
instantaneously fall. This situation is most unlikely to occur, partly
because the pore growth mechanism {Tucker and Turnbull, 197^; Tucker^-1979)
will have been exhausted before this stage is reached and partly because,
as the neck at O’ increases in volume, the grain boundaries on the square
faces of the smaller grains become., completely engulfed by the grain edge
porosity, and cushion-shaped pores of the type illustrated in Fig.k.13c
with constant surface curvature, will result.
One other possible partially-connected configuration can result if,
^ . 
when pores with shapes such as at G in Fig.li.10 collapse, the necks at the .
mid-points 0 of the long edge widen, forming a stable morphology also similar 
to Fig.1*. 13b, but in this instance surrounding the square faces of the larger .
grains. Once again, as these are inflated by fission gas they will take
IIup shapes corresponding to (AV/V)_ for increasing values of e, but theseJj
will interlink along the shorter edges before s reaches unity. On reconnection 
the narrow necks at 0* will grow, in this case causing material to pass 
from the small grains to the large ones, and consequently producing a . 
reduction in e. Since (AV/V)^*falls with decreasing e no region II con-
Jj
figuration will be possible, and again the pores will adopt an equilibrium 
morphology like that in Fig.k. 13a, unless of course AV/V > (AV/V)^ when
Jj
the grains will become completely separated. \
If the porosity resulting from the overlap of grain' edge gas bubbles 
does not collapse as so far assumed, but takes up instead the stable con­
figuration E in Fig. 1*. 10, it may continue to increase in volume due to 
the growth of closed porosity elsewhere on the grain faces (Turnbull and 
Tucker, 197^; Tucker, 1979)* In these conditions the pores will take up 
shapes corresponding to points such as M along the line E and beyond. As 
in the case of I pores corresponding to M are in all likelihood associated 
with a local energy minimum, and would need to be disturbed considerably 
from this configuration if they were to adopt the lower curvature state at 
J. Such disturbance is unlikely to lead to the formation of a configuration 
corresponding to the point I since the narrower tunnel necks occur along 
the shorter edge at M and along the longer edge at I, and in moving from 
one to the other, the pore geometry would at some stage be near to that 
at J, and the system would in all probability be attracted to this low 
curvature morphology.
The Sintering of Grain Edge Tunnels
The above discussion has been restricted to the growth of grain edge
porosity caused by fission gas release in UO^ nuclear fuel. Consider now
processes such as sintering and hot pressing of powder compacts whereby
an interconnected pore system, which-has developed by the spontaneous
reshaping of the interparticle spaces in the original powder, shrinks in
volume. If initially AV/V is greater than both (AY/Y)^. and ( A Y / Y ) ^nun R
in a material formed from two sizes of powder spheres whose volumes are in 
the ratio e = 0.8 for example, the equilibrium shape achieved by surface 
diffusion would correspond to a point on one of the curves BJ, BC and FD 
in Fig. 1*. 10, provided of course the latter two curves extend as far as 
this. If (AV/V)^ < ZV/V < the only conceivable configuration
is one pertaining to the segment FD. Finally, if AV/V < (AV/V)^ the 
tunnels could assume a shape from either of the segments FH or FD, hut
as before, in the former case the system would either collapse unstably
or adopt the alternative configuration along the curve FD.
Suppose that the equilibrium shape first adopted corresponds to a
point somewhere on the curve in region I. As sintering proceeds the tunnel
system will adjust its shape by surface diffusion so that it always relates
to the points on the e = 0.8 curve which steadily approaches the minimum
at B. Once the fractional pore volume falls below (aV/Y)^. it is extremelym m
unlikely, for this value of e at least, that the interconnected pore system 
will adopt the only possible morphology, namely that associated with the 
curve FD, since the difference in profiles (b) and (c) of Fig.12 is so 
marked. The only alternative is for the structure to collapse at one of
the two necks at the mid-points 0 and O' of the long and short edges
respectively. Though,-yit is not possible to say for certain at which of 
these necks it will happen, it is probable that the resulting structure 
will be of the form of Fig.k*13b, that is isolated rings of porosity 
surrounding the square faces of one of the two types of tetrakaidecahedral 
grains.
The significance of these conclusions is that during sintering the
interconnected porosity will begin to collapse at much higher fractional
pore volumes (AV/V) than that corresponding to Fq, the level at which,
based on the previous calculations, break-up has been assumed to occur.
Values of both (AV/V)'1'. and (AV/V)'1'/ , obtained •’from Figs.^.7s ^.8 andm m  m m
• 9 where 0 = ^0°, 70  ^and 90° respectively, are shown in Fig.^.l^ as 
functions of relative grain volume, e. It is interesting to note from 
Fig.l|.llf that, whilst (AV/V)^. increases with decreasing e in a similar
~  I I -
manner for each value of 0, (AV/V)'*'? is less sensitiveto this parameter,nun
especially for 0 = 50° corresponding to UO^. On the basis of the above
reasoning the broken curves, corresponding to (AV/V)'1'. , represent them m
fractional pore volumes at which pinching-off would begin, at least for
values of e considerably less than unity. In structures for which e '
approaches unity , the curves in regions I and II pass near to -the branch
point Bq in Fig. 1*. 10, and it thus becomes increasingly likely that a
structure for which AV/V falls below change shape by surface
■diffusion to the equivalent morphology in region II. In these; circumstances
the critical volume for tunnel collapse becomes (AV/V)^? .
m m
1+.8 Application to Non-Ideal Polycrystalline Materials
The model developed here assumes a particularly regular grain structure 
which could never be encountered in practice. However, any polycrystalline 
sample will contain such a large number of grains that macroscopically 
observed properties such as fuel swelling and permeability will represent 
the statistically averaged behaviour of a vast collection of individual 
tunnels and corners. Thus it may be argued that the behaviour of the 
present model, which assumes a bimodal grain distribution, should not be 
too dissimilar to that of a real polycrystal in which there is an equivalent 
spread in grain size, though the choice of and V appropriate to a 
particular material Is not-considered here. However, this will be expanded on 
in Chapter 5 9 where a polycrystal which contains a spread of grain sizes 
is described by a continuous distribution of bimodal distributions.
The results presented in Fig.4.1^ indicate that in UO^ (0 = 50°) 
undergoing irradiation there is a minimum grain edge fractional swelling 
AV/V of between 5% and 6$, below which the interconnected porosity will 
always be induced to collapse, but above which it can take up a stable
configuration. This critical value of AV/V is insensitive""to the spread 
in grain size and is entirely in keeping with the observations of Turnbull 
(197*0 on the permeability of the porosity in Irradiated fuel. The cal­
culations also suggest it is possible for a stable partially-connected 
system of grain edge tunnels to exist, of which there is considerable 1 
evidence to be seen in Fig.Ol. If these pores are sealed off from the ; 
outer surface of the fuel, as fission gas atoms continue to diffuse to 
them the rising internal gas pressure will cause the porosity to grow, 
but cannot bring about an opening-up of the remaining sealed edges without., 
the additional development of isolated gas bubbles along these edges.
However, it might instead give rise to grain face decohesion and. the 
development of large scale gas-filled pores. Such features could improve 
the gas retentive properties of the fuel, but in practice the partial inter­
linkage will be random and will occur along about half of the grain edges.
By percolation theory, which takes into account all possible ways of by­
passing a sealed grain edge by way of other tunnels, if h0% or more of 
the grain edges in a material are open, it may be regarded as being entirely 
permeable (Tucker and White, 1979)* Thus the possible existence of a stable - 
grain edge porosity which is imperfectly interlinked is unlikely to affect 
gas release from irradiated UO^. Again thi.s is in keeping with the observa­
tions of Turnbull (l97*f) who found that the grain edge porosity in the 
fuel shown in Fig.*f.l was linked throughout to the external surface of the 
sample.
Perhaps the most significant contribution of the present work to the 
understanding of the behaviour of porous materials concerns, the collapse 
of grdin edge tunnels at the end of the intermediate stage of sintering. 
According to the above discussion pinching-off of interconnected pores in
a real powder compact, in which there is "bound to "be a spread in grain 
edge lengths even when a uniform particle size is used, is likely to occur 
-at fractional pore volumes far higher than those predicted "by the calculations . 
of Tucker and Turnbull (1975) Beer£ (l97^h). The development of closed 
porosity in sintering UO^ compacts has been observed by Coleman and Beer£
(1975) hy the vacuum impregnation of liquid into the open pores , and by ... .
ascribing the apparent density changes so measured to the progressive : 
isolation of volumes of porosity. In this way they detected the onset of 
closed pore formation to" have occurred at a volume fraction AV/V of- 15$* '
Since the isolation of any region of porosity, as mentioned above, requires 
theoretically a collapse of at least G0% of the grain edge tunnels in the 
vicinity, the results suggest that, in the UO^ powder compact under obser­
vation, the first pinching-off must have occurred at a value of AV/V far
higher than 15$. For UO^ (B - 50°) this conclusion is entirely in agreement
I' IIwith the assumption that the"curves for (AV/V) I rather than for (AV/V) .min m m
in Fig.l*.ll| represent the fractional volumes at which sintering grain edge 
tunnels will collapse . In contrast, porosity which has developed in irra­
diated UO^ as a result of fission ghs release will normally correspond to 
points in region II of Fig.it.7 (analogous to region II of Fig.k. 10), and 
on subsequent sintering would collapse at the fractional volume swellings
TT
of (AV/V) . when e = 50° in Fig.i|.111. m m  -
Undoubtedly the model can be criticised for the approximations which 
it employs. In particular the treatment of the grain corner ensures surface 
continuity at only three positions at the ends of each tunnel, namely at 
the points of intersection with the surrounding grain boundaries. This 
has necessitated the treatment of the corner region between the four con­
verging tunnels in a particularly approximate way which slightly under-
estimates the volume of porosity. However, calculations have been performed 
in which the corner region is represented by a faceted sphere, which pro­
duces an overestimate of-the-volume of porosity. These results indicated 
that the curves in Figs.^ .7 - ^*9 are largely insensitive to the treatment, 
within limits, of the corner regions, even at high curvatures (K ) where 
these regions are largest. Also it has been necessary to assume a three- - 
fold symmetry for the individual tunnels which does not even exist in the 
idealised grain structures assumed, let alone in reality. Nevertheless 
the predictions of the model- are in remarkable agreement, qualitatively ' 
and, where comparison is possible, quantitatively, with recent observations-. 
This suggests that the shortcomings in the assumptions do not invalidate 
the model.
CHAPTER FIVE
THE BIMODAL REPRESENTATION OF REAL POLYCRYSTALLINE MATERIALS
5.1 Introduction
In Chapter 4 we discussed how a real polycrystalline material, 
in which there is a spread of grain sizes, might he represented hy 
one in which the grain size distribution is bimodal, with a volume 
ratio e chosen such that the two structures exhibit similar macro­
scopic properties. However, the validity of such a representation 
is arguable due to the high degree of symmetry of the idealised 
structure. For example, during the discussion of Chapter 4 it was 
stated that a material in which 40$ of the grain edge tunnels are 
open is completely permeable. In the case of a bimodal polycrystal, 
even if 50$ of the tunnels are open, all of the pores remain isolated, 
each pore having the form of a ring of porosity around a square grain 
face (see Figs. 1*.2b and 4.13b), and permeability does not occur until 
100$ of the tunnels are open. Clearly in the bimodal case the per­
centage of tunnels open at any time is 0$, 50$ and 100$, with no 
intermediate values.
Here, we represent a real polycrystal by a continuous distribution 
of bimodal distributions. Essentially this is done by assuming that all 
pairs of grains which have a volume ratio of say exhibit the behaviour 
of a bimodal distribution which has the volume ratio e*. Consequently, 
for a given material, the grain edge tunnels associated with such grains 
exhibit the type of behaviour shown in Figs.4.7 - 4.9 for the particular 
value of e = e*, and likewise for other grain pairs which have different 
volume ratio.- Therefore, in the case of sintering, for example, the 
number of collapsing tunnels varies continuously as the fractional
porosity, AV/Vt, reduces. The tunnels .with a lover associated z pinching 
off first, - as can be seen.from Fig.ll.l^ .
Here, mainly due to the lack of experimental results, we confine our 
attention to the case of sintering in UO^ which has a dihedral angle ’ 01 
of 50°. It should be stressed that the method used is only a first attempt 
to generalise the results of Chapter i|.
5.2 Grain Size Distributions
The bulk of the available experimental evidence on poly crystalline 
materials suggests that the.distribution of grain diameters is approxi­
mately log-normal (Mendelson, 1969; Krauth and Gel, 1966). It has also 
been shown that this is the case for powders prior to sintering. The 
log-normal distribution is defined by the equation
f(D) = Aexp j-l(lnD/D)2) (5-1)
' (Iner )2 '
where f(D) is the probability of grains having a diameter D in an assem­
blage of grains of mean diameter D and lncr is the standard deviation of 
the distribution. The mean grain diameter, D, is obtained from the mean 
intercept length of grain boundaries with an arbitrarily orientated line 
drawn across the whole or a portion of a polished and etched section 
of polycrystal.
The distribution defined in (5«l) has been used in the following 
calculations. However, other possibilities were considered, although not 
used mainly due to the overwhelming evidence in support of (5.1). Other 
possible grain size distributions are the. Gaussian, defined by
and Hillert’s distribution which is defined by
f(u) = 2^e3u exP(~ 6  ^ (5-3)
(2-u)5 2-u
where u = D/D. The Gaussian (5*2) was dismissed because of normalisation 
problems, that is, f(D) £ 0 for D = 0. Eillert’s distribution (5.3) is • 
similar to (5*l) when plotted.- .
5.3 Bimodal Representation
For our purposes we must rewrite the distribution (5*1) in terms of
grain volumes. Assuming that the grain volume is proportional to D3,
(5.1) becomes .
f(u) = Cexp/-l(lnu )2j (5-^)
(ina*)2
where a* = a3, and u replaces V/V The normalisation constant, C, in (5*^0 
is given by 'T
C = exp |-(lngfr)2j ( 5 • 5)
/ Trlncr*
If f(u) is the probability of a grain having a volume u, and f(eu) 
the probability- of a grain having a volume eu, then
:/P (e) = I uf(u)f(eu)du (5*6)0
is the probability that an adjacent pair of grains have a volume ratio e 
The quantity P(e), which is given by the expression
represents the fractional number of faces between pairs of grains which 
have a volume ratio in the range e1 to 1/e'. It will be assumed that this 
is also the fractional number of edges associated with grain pairs with 
a volume ratio in the same range. Substitution of (5**+) and- (5»5) into 
(5.6) and subsequently into (5 -T) gives .
P(e) = exp(-j (lncr*)2)
7r(lncr*)2
(5.8)
(lnu)2-g (ine ’u)2 ^ dude ’
(lncr*)2 (lna*)2
Numerical integration of (5-8) for various values of the standard 
deviation, lncr*, gives the curves shown in Fig.5*1. These curves show 
the functional dependence of P(e) on e..^ -
The results of Chapter 1* only apply to bimodal grain distributions 
for which the volume ratio, e, lies within the range 0.2 4 e < 1.0, but 
clearly values lying outside this range are also possible in a real 
material. However, Fig.5*1 shows that for a log-normal distribution, 
the number of such pairs decreases rapidly as lna* decreases, that is, 
as the width of the distribution decreases. In fact the probability of 
such pairs is negligible for lncr* < .5556? which will be seen to be the 
present region of interest.
If, in a porous material, an open tunnel is associated with each 
grain edge, then P(e) represents the fractional number of such tunnels 
associated with adjacent pairs of grains with volume ratio, e*, in the 
range e «; e* £ 1 / e . In the case of sintering the value of P(e) is 
initially unity as all edge tunnels are open. As the sintering process 
continues, tunnels associated with a low value of e collapse first, as
1/0
L f
l/E.
uexp
can be seen from Fig.^.lU. That is, tunnels associated with grain pairs 
■with a low (high) associated value of e, e < 1 (e > l), require a higher 
fractional volume of porosity, AV/V, to support them. As AV/V. falls, the 
range of e' reduces and P(e), given by (5•!), reduces, eventually falling 
to zero when e reaches unity. At some intermediate stage the value of 
P(e) will be 0.^, that is, k0% of the initial grain edge tunnels remain 
open and the material remains entirely permeable. If P(e) falls below this 
value, regions of isolated porosity will exist and the material is no longer 
permeable. This result of percolation theory has been obtained by Monte . 
Carlo methods. Frisch et al.(l962) have shown that extensive path lengths 
exist if the bond probability, the probability of finding a grain edge 
tunnel open, exceeds a critical value. This value is strongly dependent 
upon the connectivity of the structure, and for a four connected structure, 
which is the case here, is approximately 0.^. Coleman and Beer£ (1975) found 
that interconnected porosity in sintered UO^ begins to break down when AV/V 
falls below 15$ • From the broken curves of Fig.if.lU, it can be -seen that 
this is also the case for a bimodal material which has a grain volume ratio 
of approximately 0.75* Therefore it is assumed that in the real material, 
tunnels with an associated value of 0.75 vill begin to collapse when AV/V 
reaches 15%. So at the point when interconnected porosity begins to break 
down, only tunnels with an associated e £ Oo75 remain open, and these must 
constitute k0%9 of the initial 100$, grain edge tunnels. That is, the 
minimum number of open tunnels such that the material remains permeable. 
Therefore, from (5*6) and (5-7)
1/.75
For a log-normal grain size distribution, (5*9) is satisfied when
lna* - 0.556. This value is obtained from the intersection of the two 
broken lines in Fig.5-1•
In the above argument it has been necessary to assume that the frac­
tional porosity, AV/V, is a constant throughout the material and is equal 
to the experimentally obseryed value. The validity of this and other 
assumptions made will be discussed in the following section.
Within tte constraints and approximations of the model, the distribution 
(5»^)j when inserted with the value of lna* derived above, might be thought 
of as the grain size distribution of a sintered material in which grain edge 
porosity is on the verge of breaking down. Although it is tempting to 
speculate along these lines, it must be borne in mind that the reason for 
this exercise is not to derive any concrete results but to demonstrate 
how the results of Chapter 1* may be generalised to real materials. Any 
results derived at this early stage, although of questionable validity, 
may be considered a bonus.
5.^  Discussion
In the bimodal representation of a poly crystalline material, presented 
here, the real structure, in which there exists a continuous spread in grain 
size, is assumed to behave as a weighted distribution of ideal bimodal 
structures. Over this distribution the value of the grain volume ratio, e, 
varies continuously. The weighting factor for a particular value of e is 
given by (5.6) and is the probability of finding a neighbouring‘pair of 
grains with that volume ratio. At present no account is taken of the 
variation in V, the mean grain volume of a pair of grains with':a particular 
volume ratio, and it is assumed that the behaviour of all grain edge tunnels 
is determined solely by their associated value of e. It has also been 
necessary to assume that the fractional porosity, AV/V, is a constant
throughout the material and is equal to the experimentally observed value.
It may be easier to imagine the real material comprising discrete bimodal 
regions each with a constant value of e, as is the value of AV/V from 
region to region. Tunnels which exist in regions with a particular e 
have that associated volume ratio. When AV/V reaches 15$, for UO^, inter­
connected porosity is on the verge of breaking down and this must correspond 
to the situation where only 1*0$ of the initial grain edge tunnels remain 
open in order to be consistent with the percolation theory result stated 
earlier. This value of AV/V can only support open tunnels in regions where 
e £ 0.75, as shown in Fig.^.lU, and the total number of tunnels in all such 
regions must constitute k0% of all possible tunnels. Here, e > 0.75 refers 
to all grain volume ratios in the range 0.75 < e 1/0.75* Although 60$ 
of tunnels have collapsed, their porosity remains linked to the exterior 
of the fuel through those tunnels remaining open.
Clearly the. model as developed here does have its shortcomings. How­
ever, as previously mentioned, it is not our lintention to develop a rigorous 
method for the investigation of the behaviour of real porous materials, but 
to demonstrate how the results of Chapter  ^may initially be applied to such 
materials. The assumption that AV/V is a constant throughout the sample 
is, in reality, incorrect. If the curves presented in Fig. .^7, are inter­
preted at constant pressure, they give the variation in AV/V with V, for 
a given e, such that the pores have the same surface curvature, a necessary 
condition for equilibrium. In the simple model described above this variation 
of AV/V with V was ignored, however, if it is included it still only applies 
to regions where the grain edge tunnels remain open as these are the only 
structures to which the results of Chapter  ^apply. This improvement has 
not been considered further as it is not entirely clear how such an improvement
would be implemented. However, it would first require the calculation 
of the probability of finding a neighbouring pair of grains with a parti­
cular mean volume as well as volume ratio in order to determine their 
relative contribution to the total swelling. The introduction of such 
improvements is clearly desirable.
The obvious limitations to the generalisation.of results pertaining 
to bimodal grain distributions is that all grain edges and comers are 
shared by only two types of grain,, not three and four respectively as is 
generally the case. Hence it may prove necessary to consider more complex 
grain models in which such configurations . exist. However these limitations 
are circumvented to some degree in the above model by an averaging process 
that’ takes place.
CHAPTER SIX 
CONCLUSIONS
We began in Chapter 2 by investigating possible mechanisms of grain 
growth in idealised two-dimensional space filling structures. Two cases 
in particular were considered. In the first, grain growth is initiated 
by a single rogue grain either shrinking or growing in an otherwise 
uniform array of hexagonal grains. It was found that a single grain 
or in fact any number of grains in such an array can shrink or grow up 
to and including the point where second nearest neighbours make contact, 
with no effect on the total energy of the system. When second nearest 
neighbours meet, unstable high order nodes result. These will dissociate 
and the total energy of the system, measured in terms of grain edge length, 
will reduce. For the case of the rogue grain shrinking, the model devel­
oped in Chapter 2 predicted a recrystallisation of the parent array to 
one which again comprised uniform hexagonal ce31s. Each of the product 
cells was three times larger than those of the parent array and rotated 
through an angle of 30°. It was found that the parent-product interface 
could be conveniently described as an array of epitaxical dislocations 
and the recrystallisation process described as the climb of these dis­
locations. Interfaces will also arise between product structures which 
have recystallised around different nuclei. For the case where the rogue 
grain grows, the simple model employed was not as successful. However, 
abnormal grain growth was predicted as would be expected.
The second case considered was that of growth in homogeneous structures, 
in particular a homogeneous bimodal structure comprising an array of quadri­
lateral and octagonal grains. This structure is continually evolving due 
to instabilities arising from the different types of grain present. In
one particularly simple mechanism of growth considered here, the structure 
evolves, as would he expected under perfect conditions, in .a regular 
fashion. That is, continuous growth is occurring at the same rate through­
out the material and when unstable higher order nodes result they dissociate 
in such a way that homogeneity is retained at all times. Here the term 
continuous growth refers to growth occurring in a structure comprising 
only threefold nodes. The evolutionary path expected to be followed 
by the above structure consists of a series of two stage cycles. During 
one stage the structure is as described above. When the quadrilateral 
grains vanish the structure is an array of square grains with unstable 
fourfold nodes and is in the second stage of the cycle. These nodes each 
: dissociate into two threefold nodes in such a direction that another 
array of quadrilateral and octagonal grains results and the cycle is 
complete. At a point in a particular cycle^ the structure is rotated
i 0 . .through an angle of 45 and the grains are twice as large as those at 
the corresponding point in the previous cycle. If the nodes of the 
square array dissociate in a different, but still regular, fashion, a 
regular array of hexagonal-grains would result. Also, interfaces can 
arise through inhomogeneous or irregular dissociation. The. structure 
of such interfaces can be complex and their complexity is further increased 
by the fact that growth is continually occurring in the product structures 
which have recrystallised around individual dissociated nodes.
The defect nature of many of the structures considered here has led 
ns to speculate on the existence of a theory, based on theories of crystal 
defects', with which to describe the behaviour of cellular materials. In 
such a theory real polycrystals would be described as ideal structures 
with defects. It can be seen from some of the figures in Chapter 2 that
only a few defects, e.g. point defects, dislocations or interfaces, would 
need to interact before a realistic structure results.
In the latter;half of Chapter 2 the effect of grain edge pore drag 
on grain growth was investigated. The porous structure examined comprised 
a regular array of quadrilateral and octagonal grains with a trilateral 
pore situated at each node or grain corner. It was found, as expected, 
that the pore mobility is a function of relative pore size and the effective 
rate of pore-surface self-diffusion Ds6s. For the case of a high rate of 
diffusion the pore can move relatively freely thus increasing the grain 
boundary curvature and consequently aiding grain growth. However, for 
more realistic values of Ds the expected qualitative behaviour was pre­
dicted. That is, large pores move slowly, smaller pores less so. As
the pore size decreases to zero, the pore velocity tends to a limiting
value which is dependent upon the grain boundary mobility, M, and the 
area of the quadrilateral grain. The two-dimensional structure considered 
above was taken to be a cross-section of a three-dimensional structure 
comprising infinitely long prismatic pores and grains. It is therefore 
possible to make a crude estimate-of the degree of grain growth in: three- '
dimensional porous- structures where the porosity has the form of a network
of interconnected grain edge tunnels. It is expected that growth would 
be of the same order, only slightly faster, than that predicted for the 
above two-dimensional structure. Also it is expected that the retarding 
effect upon grain growth of isolated pores in theree-dimensional structures 
is somewhat less than predicted above.
In Chapter 3 growth in idealised threer-dimensional materials was 
investigated. As in the two-dimensional case we began by considering 
growth initiated by allowing a single grain in an otherwise uniform array
to either shrink or grow until unstable configurations result. The only- 
three-dimensional structure in complete equilibrium comprises uniform 
a-tetrakaidecahedra. This structure is analogous to a uniform array of 
hexagonal cells in two dimensions. However, as the rogue grain changes 
volume it was shown,and a model comprising flat-faced polyhedra, that 
there is an energy decrease as one departs from the uniform structure 
and that the energy change is parabolic in L with a maximum at L = 1, 
which corresponds to the uniform array. If the grain boundaries are 
allowed to adopt a curved form in order to satisfy surface tension require­
ments, it is expected that the energy decrease would be of the same order 
if not greater. This energy change is due to the grain boundary curvature 
necessarily becoming non-zero as the uniform structure is departed from. 
-An_approximat e—f orm-o f—a-grain-b oundary—i-n-a—homog en e ous—bimo dal—distri - 
bution of large and small tetrakaidecahedra’ has" been obtained and the'-result 
is consistent with the above conclusion. The most significant conclusion 
to be drawn from these results is that no three-dimensional structure can 
exist in stable equilibrium, and grain growth as a means to minimise 
grain boundary area will always occur. Also in Chapter 3, other'three- 
dimensional homogeneous structures were considered. Such structures 
are more numerous in three dimensions than in two, and the growth mech­
anisms involved are more complex. It was found that various paths for 
homogeneous growth, exist. Again in Chapter 3 we discussed the possible 
existence of a defect theory to describe cellular structures in the light 
of further evidence« For example, deformation induced transformations
• v  f
between certain homogeneous structures which are analogous to phase trans­
formations in certain metals.
In Chapter i* the calculations of Tucker and TurnBull (1975) of the
equilibrium morphology of interconnected pores situated along grain edges 
in polycrystals of uniform grain size were extended to materials comprising 
equal numbers of large and small tetrakaidecahedra. The purpose of the 
calculation has been to assess the effects of grain size variation upon 
the stability of interconnected pores. It was found that there exists 
a minimum fractional porosity below which interconnected porosity cannot 
be formed, during the irradiation of UO^, by the coalescence of fission 
gas bubbles situated along grain edges. The present calculations suggest 
that for UO^ (0= 50°), this minimum lies between 5% and 6% of the total 
fuel volume and is almost insensitive to the spread of grain size within 
the fuel. This conclusion is entirely compatible with experimental ob­
servation. In some cases it was found that it is possible for half of
the tunnels to collapse leaving, in the ideal case, closed rings—of— --- —
porosity surrounding single grain faces. It is therefore likely that 
partially interconnected pore networks which are frequently observed in 
irradiated UO^ during fission gas release are in fact stable. If these 
regions of restricted i'nterlinkage are isolated from the external surface 
of the fuel they will grow in volume under the influence of the increasing 
pressure of the gas contained within them. In most cases this growth will 
lead to the reconnection of the grain edge pore system and the subsequent 
adoption of the most stable configuration of open porosity. However it 
is possible,in spme instances that before connection is achieved decohesion 
of those, faces surrounded by ring-like pores can occur, and stable cushion­
shaped pores are formed. Nevertheless it is argued, on the basis of 
percolation theory, that the occurrence of regions of partially inter­
linked tunnels which are entirely sealed off from the fuel surface is 
unlikely, and this is in keeping with experimental observations.
In the intermediate stage of sintering of real materials, in which 
there will almost undoubtedly be a range of grain edge lengths, the collapse 
of interconnected porosity will begin to occur at much higher fractional 
pore volumes than those suggested in the calculations of Tucker and 
Turnbull (1975)• This conclusion is in good agreement with observations
on the sintering of UO powder compacts. In the limiting case when all
!
grains are identical it has been found that there exists additional inter­
connected pore structures which are in equilibrium but less symmetric 
than those previously identified.
In Chapter 5 methods were developed whereby the results of Chapter k , 
initially pertaining only to idealised materials, might be generalised to 
materials with, realistic grain size distributions. Although we draw no 
conclusions so far as materials behaviour is concerned it is significant 
to conclude that real porous materials can be analysed in such a way.
It is rewarding to note that work is continuing at the University of 
Surrey stimulated by ideas' generated during the development of this project.
Mr. P. Hartland has performed a detailed .investigation into the b e h a - : 
viour of two-dimensional regular tri-modal structures and is presently 
extending the analysis presented in Section 2.5 to include the effects of 
grain edge as well as grain corner pores. Also, Mr. I. Ahmed is currently 
engaged in obtaining a more accurate solution for the form of a grain face 
of the three-dimensional regular bimodal structure discussed in’Section 3.3 
and shown in Fig. 3.^a. -
It is hoped that other ideas put forward here will also be developed 
further. For example, the development of a defect theory to describe 
cellular structures would be of great significance. Theories of defects
in crystals provide a natural basis for such an analysis but the additional 
requirement of incorporating the sizes and shapes of cells together with 
dynamic effects of grain growth and not simply their locations is a 
demanding challenge.
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APPENDIX
The following pages contain a listing of the computer program used 
to derive the results presented in Chapter The program, written in 
Fortran, was implemented on the Prime system at the University of Surrey.
/
' ' IMPLICIT REAL*D<A-HtK-Z>
EXTERNAL FUNtGUNS HUNrEURrOUN2,EUN2 - 
C0MH0N/FFFFFF/C1 '
COHMON/P1P1B1/P1
C 0 M M 0 N' / B 3 B 3 B 3 / P 3 -
noMMCiN/P4P4B4/B4
C0MM0N/HHHHHH/C3
COMMON/TTTTTT/P •
C0MM0N/GGGGGG/C2 
COMNON/EEEEEE/AA 
ANG=90.110*3.141591)0/180. DO 
ANG2=ANG-3•14159P0/6.DO
ZZ=1.633B0*BSIN(ANG2)/<1 .-1. 1547D0*DC0S (AN’G >)
AA=1.DO-2.DOfcPOGS(ANG)*DSIN(ANG2)/< 1.732D0^ARG2)
■ B=3.D0*ANu2*AA/(l.P0-2.D0*DC0S<ANG)/I.73200)**2 
Kl=^4I42DO 
DO 600J=1> 30 
K1=K1-.01PO 
WRITE(1f363)K1
K11=DSQRT(.3D 01>*Kl*a,-2.D0*PC0S<ANG;>/DSQRT( .3D 01>>/<2'.D0*
1DSIN(ANG2) )
K2= (2«DO&DSQRT< « 2D 01>-K1)/<1. P0+2.DO£DSQRT <. 2D OlJSKl) 
K22=K2*DSQRT(.3D 01)*(1.DO-2.DO«DCOS(ANG)/PSQRT<♦3D 01>)/<2.D0* 
1DSIN.<ANG2>> 
b3=o .do 
DI V=. 1 DO 
699 DIV=DIV*.1D0
698 B3=B3+DIV ‘ ' '
EXPR5=B3** (1. DO+AA) -B3**AA-1. DO/DSGRT ( < 1 . D0+K22**2) ** (1. DO+AA ) ) .
1 + (1.DO/BSGRT(1. B0+K11**2 > > S <1.DO/BSGRT< (1.P0+K22**2)**A A )) 
IF<EXPR5.GT .0.D0)G0T069S • *
IF(DABS(EXPR5).LT..00000001DO)G0T0697 ‘
B3=B3-DIU  ^ - •
G0T0699 
697 B3MIN=B3 
B3=0.P0
BIV=.01B0 •
696 DIV=IiIV'Jfc. 1D0
695 B3=P3+DIV - i'
EXPR6=B3** (1 . DO+A A ) -B3**AA+AA**AA/ < < 1. DO+AA) *DSGRT < 1. D0+K11 **2 ) )
I*# C1.DO+AA)
IF(EXPR6.GT.0♦BO)G0T0695
IF(DABS(EXPR6)♦LT..00000001DO)G0T0694
B3=B3-BIV . .
GDT0696
694 B3MAX=B3 . . . -
B21=0.D0 . . ' : —
DIV77=.01D0 •
101 PIV?7=DIV77# ♦ 1 BO „ ‘ .
- EXPR77=P21**(1.DO+AA)-B21**AA+-AA**AA/((1.DO+AA)*PSGRT(1.D0+K11**2)> 
1**<1.DO+AA)
IF(EXPR77.LT.0.DO)GOTO102 
IF(DABS(EXPR77).LT,00000001D0)G0T0103
B21=B21-HIV77 . ’ .
GOTOlOl 
103 B3M1N2=B21
B3MAX2=1.DO ' '
H4=(B3MAX2-B3MIN2)/20.2D0 
H2=(P3MAX-B3MIN)/40.4D0 
B3=B3MJN ■
B3-B3MIN2 
DO 8001=1»20 
0=.1D0
P=R/ (1. DO-2. BOSDCOS C AK'G >/l. 732D0 )
G=AA*D/(1.DO+AA)
B3=B3+15.D0*H2 '
IF< B3. GT. B3MAX)G0T0800 
Y2=0.DO 
DIU=.001D0
6 93 PIV=.1P0*PIV •
692 Y2=Y2+PIV
IF(-B3**<l.+AA>+B3*:i.AA)501r503»503
503 FXPR3=Y2&* (1 . POT AA) —Y2&YAA/PS0RT(1 • PO ! K1 3 Y*2)
1-P3**(1 .P01AA)+P3*»:AA
IF(EXPR3.GT.0.B0)GO7O69?
IF(DABS(FXPR3).LT.♦0000001 BO)GPT0691 
.Y2=Y2-PIV 
G0T0693 
. 501 Y2=0.P0
nv=.o ino  •
504 pio=.ipo*piv 
502 Y2=Y2+BIV
EXPR3=Y2**(1 .POT AA >-Y2**AA/PSQRT (1. HOT Kll*£2)
1-B3t*<l.PO+AA>+B3**AA 
IF(EXPR3.GT.0.PO>GDT0502 
IF(EXPR3.LT..IP-5)G0T0691 
Y2=Y2-PIU 
G0T0504
691 Y22=Y2 '
PIU=.1P0 
690 PIV=PIV*.1P0 
699 Y22=Y22+PIV
EXPR3=Y22**(1.PO+AA>-Y22**AA/PSGRT<1.B0+K11**2)
1-B3**(1 .PO+AA>+B3**AA 
IF<EXPR3.LT.0.PO)G0T06S9 
IF CPAE?S (EXPR3) . LT ♦ * 0000001 DO) GOT0683
Y22-Y22-PIU ’ . '
G0T0690
688 EXP=AA** A A/ < 1. PO+AA) ** < 1. PO+AA) +Y2** (1. PO+AA) -Y2S*AA/DSaRT < 1. P0+K22*
-------£ x P2=A A A A7T1 T PO+AA m t !  mO*AAT+Y22**tl mO+AA)-Y22**AA/PSGRT (1 i PO+K
IF (EXP < LE.0.PO) WRITE (If 39.)
IF (EXP2.LE.0.BO) WRITE < 1 »39)
B1=0« PO 
BIV=.1B0 
687 BIV=BIV*.1P0 
• 686 B1=B1+BIV
EXPR3=Y2** (1 • PO+AA)-Y2**AA/BSGRT (1. D0+K22*#2).
1-B1**<1. .B0+AA)+B1**AA 
32 IF(EXPR3.LT,0.P0)G0T06S6
IF(BAEfS(EXPR3> .LT♦ .0000001DO)GOT0685 
B1=B1—PIV 
G0T0687 
685 B4=0♦PO
C PI0=.1B0
C681 BIV=PIV#.1P0 "• ' - .•
C680 B4=B4+BI0 . ’ —
C EXPR3-^Y22** < 1,PO+AA)-Y22**AA/DSGRT(1 .B0+K22**2)
C 1~B4**(1,PO+AA>+B4**AA ’ N
C IF(EXPR3.LT« 0.BO)G0T0680
C IF <PAPS(EXPR3).LT.*0000001P0)G0T0679
C B4=B4-BIV
C . G0T0681
C679 B5=B4
RR*=B1/B3 .
RR2-B4/B3 
676 C1=B3** Cl. PO+AA >-B3**AA ‘
C2=B1¥*<1.PO+AA)-Bl**AA 
C3=B4Y* (1.PO+AA)-B4#*AA 
A=B3 •
Y1=Y2
A?=B4
B=Y1
A7=P1
B7=Y2 •
Y11=Y22 
B11=Y11 
B77=Y22 
ACC=.1P0P-02
/JMAX~128    ..
fO 
X
ro 
r-j
N=~l '
1FAIL=1
CALL D01AAF< A» HrFUM» ACC»fVMAX*N*FNf>* IFAIL)
FNS-FNS+DSORT (2 . D0#7«3**AA* (Y2**AA-B3**AA)*AA/(AA-<1. DO+AA) *B3)
1)*B3**(1.DO-AA)/AA 
C0R3=DS0RT C2. D0*B1 **AAS < Y2**AA-B1 S-*AA)*AA/< AA-< 1 . BO-! AA) *B1 >
1 > *B1 ** < J » DO-AA)/AA 
CORA -DSRRT(2. DO*D4**AA* (Y22**AA-B4**AA)*AA/(AA- (1 .D0FAA)*B4 
1>)*B4**<1.D0-AA)/AA - '
Ll=2.D0*FNS+Y1*ZZ 
S1=0.DO
S3=0.B0 
S4=0.BO
IF(2.D0*B3« GE.L2)Sl=l.DO 
IF(2.D0*B3.GE«L22)S2=1 .BO 
S3=S1+S2
CALL BOIAAF (A7»BfGUN, ACC,NMAX»N»GMS,IFAIL)
GNS=GNS+COR3 -
L2=2.D0*GNS+Y2*ZZ •
CALL BOIAAF < A »B » HUN rACC tNMAXr Nr HNS»IFAIL)
HNS=HNS+DSQRT< 2.D0*B3**AA*(Y2**A A-B3**AA)*AA/(AA-<1.DO+AA)*B3)) 
1*B3** <3. DO-AA >*22. DO*D/AA 
CALL DOIAAF(A7fB»EUNrACCrNMAXyN»ENS»IFAIL)
ENS=£NS+12. D0*D*B1**2*C0R3
CALL DOlAAF<A >B11»FUN»ACCtNMAX»N fANStIFAIL)
C0R2=BSRRT ( 2. D0*B3**AA* (Y22**AA-B3**AA ) *AA/ ( AA- (1. DO+AA ) *B3 ) ) 
1*B3**(1.D0-AA)/AA - -
ANS=ANS+C0R2
CALL DOlAAF(A9»B11rGUN2•ACCyNMAXr N rBNS2rIFAIL)
BNS2=BNG2+C0R4 
LI1=2.DO*ANS+Yl1*ZZ
CALL DOIAAF(A r B11»HUNrACC?NMAX»NtCNStIFAIL) 
CNS=CNS+COR2*12,DO*D*B3**2
CALL DOlAAF<A?>B11rEUN2>ACC»NMAXrNj-DNS2>IFAIL> 
DNS2=DNS2+12.DO*D*B4**2*COR4
C0RN=8.DO*I.41421356D0*(DSIN(ANG2)/<1.DO-1.1547D0*DC0S(ANG)))**3 
CORN=CORN*(Y1**3+Y2**3)
L22=2.D0*BNS2+Y22*ZZ . ‘
C0RN2=8.*1.41421356*(DSIN(ANG2> / (1. -1.1547*DCDS FANG)))**3 
C0RN2=C0RN2*(Y11**3+Y22**3) .•
NUOLL1 =3.772* (L2/2. +L1)*((L2/2. +L1)**2-.75*L1**2)
1 + 1.414*1.1**2* (L1+L2)
N00LL2=3.772*(Ll/2.+L2)*<(Ll/2.+L2)**2-.75*L2**2)
1+1.414*L2**2*(L1+L2>
NV0LL3=3.772* (L.22/2. +L11) * ( ( L22/2. +L11) **2-. 75*L1 1 **2 )
1+1.414*L11**2*(L11+L22) , ' ' _
N’V0LL4=3 ♦ 772* < L11 /2. +L22 )*((Lll/2. +L22) **2-. 75*L22**2 )
1+1.414*L22**2*(L11+L22) •
NVOL= (NV01.L1 + NV0LL2I/2.
NU0L2=(NU0LL3+NU0LL4)/2. ’ •
VF'1=2. * (2. *HNS+ENS+1. 5*C0RN ) / ( 3. *0**3)
UF"2=2. * (HNS+2. *ENS+1 .5*C0RN)/(3. *0**3)
VP3=2. * (2. *CNS+DNS2+1 ♦ 5*C0RN2) / < 3. *0**3)
VP4=2.* < CNS+2.*DNS2+1.S*C0RN2)/(3,*Q**3)
GUP=G**3*<UF’l+VP2)/2. ‘
GVP2=G**3*<VP3+UP4)/2. -- •
Ai=NV0LLl/Q**3-VPl -
A2=NU0L.L2/G**3-VP2
A3=NU0LL3/G**3-VP3
A4=NV0LL4/G**3-VP4
XX=A1/A2'
C6=VP1/A1
C7=VP2/A2
C8=VP3/A3
C?=VP4/A4
U0L=CAl+A2)/2. ’
A5=AMIN1(A1»A2) ^
A6=AMAX1CA1fA2)
A7=AMIN1 CA3»A4) . .   ;______ :_   .
A0=AHAX1(A3,A4)
V0L2- (A3T A4 ) /2 . -
VSWE=1»/ (NUQL/OVP-l.)
V5UE2=1./<NU0L2/0yp2-l.>
0L=(VOL/11.31)%*.33333 
0L2= (U0L2/11,31) **. 33333 
0E=12. *DC0S (ANG >*0L**2*2.732 
0E2-12.*DC0S<ANG)X0i_2:fc*2*2.732 
. AG1=PMIN1 (NVOLL1 »NU0LL2>
AG2=PMAX1(NVOLL1r NU0LL2 >
AG3=DMIN1 <NVOLL3mWOLL4>
AG4=DMAX1 (N00LL3»NO0LL4)
N0R=AGl/AG2
NUR2=AG3/AG4 ' "
DELTU-VOL*VSWE
PELTU2=V0L2*USWE2
Q=Q*(1♦TAA)/AA ' .
Q=Q*(1.-1.1P0547*DCOS<ANG)>
' GV=G*(A5/2.+A6/2.>**.33333 ' '
GU2=Q*(A7/2♦+AS/2.>**.33333 
VR1=A5/A6 •
VR2=A7/A8 • ' . ■:
WRITE(1*909>VR1fGVrVSUErNVR rRR '
C WRITE(l»989)VR2,Gy2>VSWE2rNVR2rRR2
C WRITE(1f2222)XXfXX2
WRITE(1?143)
800 CONTINUE :
600 CONTINUE ' ' '
989 FORMAT <5G12.5> ■ -
C2222 FORMAT(2G12.5)
39 FORMAT C'****** ' )
‘ 363 F0RMAT('Kl'ilG12.5> .
143 FORMAT( ' 7)  ^ ‘
STOP
END
FUNCTION FUNfX)
DOUBLE PRECISION AAfFUN.XrClrB3»P 
C0MM0N/FFFFFF/C1
C0MM0N/B3B3B3/P3 • ' ■
-COMMON/EEEEEE/AA •
IF(X**(1.+AA)-X**AA.NE.C1)G0T021 
FUN=.OD 00
:— RETURN ----------------------       — 1
21 FUN=(X**(1.TAA >-Cl)/(DSQRT(X**AA-X**(1.-f AA> +C1) *DSQRT< X**AA+
1X**(1.+AA)-C1))
1-DSQRT(B3**AA*AA/(2.*(AA-(1.+AA> *B3)*(X**AA-B3**AA)))*X** < AA-1.> 
1*B3**(1.-AA) ' .
RETURN
END . * \
FUNCTION GUN(X) "" '
DOUBLE PRECISION GUNrX?AA> C2»B1rD
C0MM0N/GGGGGG/C2 ‘
C0MM0N/B1B1D1/B1 -
COMMON/EEEEEE/AA
IF(X**(1.+AA)-X**AA.NE.C2)G0T023
GUN=.OD 00 _
RETURN
23 GUN= (X** (1 . +AA) -C2)/(DSORT (X**AA-X** < 1. -f AA )TC2)
1*DS0RT(X**AA+X**<1.4 AA)-C2)) -
1-PSQRT<B1**AA*AA/<2.*<AA-(1.+AA)*B1)*(X**AA-B1**AA)))*X**(AA~1.> 
1*B1**<1,-AA)
RETURN ^
END
FUNCTION GUN2(X)
DOUBLE PRECISION AA»GUN2»XrC3rB4»D •
C0MM0N/HMHHHH/C3
C0MM0N/B4B4B4/B4
COMMON/EEEEEE/AA
IF<X**(1.4AA>—X**AA.NE.C3)G0T024
GUN2=.OD 00
RETURN _
24 GUN2=(X**<1.IAA>-C3>/<DSQKT<X**AA-X*T(1 .TAAHC3)
3:MiSRRT(X*$AAIX**<l .+AA)-C3) )
- l-nSGRT<B4**AA*AA/C2.*(AA-<l.-fAA)*B4)*(X**AA-B4**AA>>)*X**<AA-:l.>
1*B4**<1.-AA) •
RETURN ;
- . • ENIi • .
FUNCTION HUN(X)
DOUBLE PRECISION UUNrXfAA»C1rH3»D .
COHtiON/FEFFrF/Cl . ■
C0HMDN/B3B3B3/B3
- COMMON/EEEEEE/AA 
COMMON/TTTTTT/H
IF < Xtt(1•+AA)-X#*AA.NE.Cl)G0T022 -
HUN=.OD 00
RETURN
22 HUN=12.*D*<X**(1.+AA)-C1)*X**2/(DSQRT<X**AA-X**(1.-FAA)+C1)*
1BSQRT(X**AAFX**(1.+AA)-C1))
, , ‘ 1-DSQRT(B3**AA*AA/<2.*(AA-<1 .+AA)*B3>*<X**AA-F3**AA> ) )*X**<AA-1. )
 1*B3**(3.-AA)*12.*D
RETURN 
: END
- ‘ FUNCTION EUNCX) ' '
jliuubLE PRECISION EU'N»"XT'AATC2>Bi»D ’ '
' C0MM0N/GGGGGG/C2
C0MM0N/B1B3Bl/Bl 
COMMON/EEEEEE/AA
COMMON/TTTTTT/D. / •. -
IF(X**<1.+AA)-X**AA. V E .C2)G0T025
EUN=.OD 00 ■ .
RETURN
25 EUN=12.*B*<X**(1.+AA>-C2)*X**2/<DSQRT(X**AA-X**<1.+AA)+C2)* \
1DSQRT(X**AA+X**<1.+AA)-C2)) ‘ *
- 1—DSQRT<Bl**AA*AA/<2.*(AA-( 1 .-FAAI^Bl )*(X**AA-B1*£AA) ) >ftX#*< AA-1. )
1*B1*.*<3.-AA)*12.*D ‘
RETURN
r . - END   ’ • .
FUNCTION EUN2(X)
DOUBLE PRECISION EUN2»X »AA * C3»B4»D •
r- CDMM0N/HHHHHH/C3 •
C0MM0N/B4B4B4/B4 
COMMON/EEEEEE/AA 
C  ' COMMON/TTTTTT/D
IF<X**U .+AA)-X**AA.NE,C3)G0T026 .
EUN2=.OD 00 
RETURN
26 EUN2=12.*D*(X**<1.+ AA )-C3')*X**2/< DSQRT< X**AA-X£* C1.+AA >TC3):!:
1DSQRT CX*TAA+X*T(1.+AA)-C3))
1-DSQF<T(B4**AA*AA/<2.*(AA-<1.+AA>*B4)*(X**AA-B4**AA) ) >*X**<AA-1. )
1 *B4** (3.-AA)*12.*D- 
RETURN - -
END
0K»
FIG. 2.1-
Grain growth, in a two-dimensional model poly-crystal 
arising from the contraction of a single grain.~
(a)
(b)
FIG. 2.2
Two examples of interfacial structures.
\
(b)
(c)
(e)(d)
FIG. 2.3
Grain growth in . a two-dimensional polycrystal 
arising from the growth of a single grain.
FIG. 2A
' \
(a 1 Homogeneous- bimodal structure 
and Cb.l, -unstable square structure (not to scale)
FIG. 2.k (contd.) Possible dissociation of 2.Vb (see text).
FIG. 2.5 (page 109) Development of antiphase boundary resulting
from recrystallisation around unstable nodes 
A* of Fig. 2.Vb, which dissociate in perpen­
dicular directions..In practice the structure 
would be more evolved in :regions where the 
initial dissociations occurred.
FIG. 2.6 (page 110) Further development of the structure
shown in Fig. 2.5 .(see text).
\
(a)
(b)
(c)
(a)
(e)
— X1U —
FIG. 2.7
Two-dimensional homogeneous tri-modal 
distribution, comprising dodecagons, 
hexagons and squares in the 
ratio 1:2:3
I. s.
fr*f.s.
FIG. 2.8
(a) .Relaxed portion -of bimodal 
packing and,(b) with pore.
FIG. '2.9 Pore geometry. Pore surfaces have radii 
and R29 grain boundary has radius R 3. 
Pore is pulled towards 0 with instantan­
eous velocity v.
tc
, FIG. 2.10
Pore geometry, enlarged. Angles <f>1 and <J>2 
describe points on- surfaces with radii Rj 
and R2 respectively. Pore motion indicated 
by displacement of front surface from D to D*.
10'
10-
V /v 
p g
FIG. 2.11 Variation of pore velocity vith relative pore size.
Vg = 10 ^ m 3. The results presented here assume the 
grain boundary mobility M-to be'a constant'from material 
to material. If the change in T is attributed to a’ change 
in temperature, 14 vill vary and these results should be 
interpreted accordingly. •
FIG. 2.12
\
(a) Typical pore geometry when 
pore surface self-diffusion 
Ds large and (b) Ds small.
FIG. 3.1 A plane-faced tetrakardecahe.dron (.a), and
six of these polybedra packed to form-' 
part of a b. c. c. array (b).
(a)
(b)
(c)
4 . I l l  (d)
■<s (e)
■FIG. 3.2
Shapes and multiplicities of faces of polyhedra representing 
a rogue grain (1st column), its eight nearest neighbours (2nd 
column), and its six second nearest neighbours (3rd column) 
in a three-dimensional polycrystal. Five sizes of rogue grain 
are shown, the lengths L of the edges of the.square faces 
being 2, 3/2, 1, 1/2 and 0 in (a) - (e) respectively.
FIG. 3.3
a) Thompson’s
a-tetrakai decahedron
b) Exaggerated form of convoluted 
hexagonal faces.
c) Plan viev of an hexagonal face 
The boundary condition (3.5)
• is applied at points a and c.
b) Plan view of an hexagonal face 
Boundary condition applied at 
points a and h.
FIG. 3.1*
a) Bimodal packing of small and 
large tetrakaidecahedra.
FIG * 3.5 
g-t et rakai decahe dron
Cel
FIG. 3.6 The -various homogeneous structures
, . described in Section 3*^
• (g)
^— (
(i) FIG. 3.6 (contd.)
Octahedron and 
truncated cubes 
(b.c.c.)
Cubes
Uniform 
tetrakaidecahedra
Truncated tetra­
hedron, truncated 
cubes and great, 
rhombicuboctahedra 
(b.c.c*)
Cubes and 
Octakaidecahedra
Octagonal Prisms 
and great rhombi 
cuboctahedra
Octahedra and 
truncated cubes 
(b.c.c.)
(h) 
Rhombic- 
dodecahedra
: (b)
Bimodal 
tetrakaidecahedra 
(b.c.c.)
3.7 Possible path, for homogeneous grain growth ^ Box 
labels correspond to Figs. 3.6a ~ 3.6i. Lattice 
types also shown.
FIG. 3.8
Bain correspondence of f.c.c. and 
tetragonal body centred lattices.
-FIG. k.l
Scanning electron micrograph of a fracture 
surface of irradiated UO^ nuclear fuel.
\
(a)
^  - ft
(d)
(e:) Cfl
FIG. If.2
• \
Various pore topologies that can exist 
in a.himodal polycrystal comprising 
large .and small tetrakaidecahedra.
IFIG. k.3
The surface, element of a grain edge tunnel 
used to deriye. the equation of equilibrium 
for porosity of this type.
JL C-KJ
y’mi) (*mi • ymi)
A segment of pore surface associated vith 
a grain edge of length 2JL (i = 1,2).
-  S.C.J -
FIG& It. 5
\
34
The porosity associated vith a 
single grain corner.
y2
FIG. It.6 The profile of a tunnel vhere it 
intersects the grain boundary.
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FIG. lj.7 Variation of AV/V vith K* for a material
vith a semi-dihedral angle of 50°
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FIG. 1*.8 Variation of AV/V vith K* for a material 
with a semi-dihedral angle of 70°
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K* = KV
FIG. h.$ Variation of AV/V vith K* for a material
vith a semi-dihedral angle of 90°
A
/A
V
0-30
( A V / V ) , ( A V / V )
( A V / V ) ,
( A V / V )
0-20
( A V / V )
0*15
0-10
( A V / V )
D-C5
c
KV
♦
FIG.'It, 10' The variation of AV/V vith K for
e = 0.8 and 1.0 taken from FIG. I4.8.
O ' " p
0 p
0 p
FIG. ij.ll Profiles of grain edge tunnels fpr 6 = 70° in 
one of the.grain boundaries associated vith a 
grain corner 3? in an idealised uniform grain 
sised material (e = l), vhere points G and 0! 
are the grain edge mid-points. The diagrams 
relate to points (a) G _ (h) E and (c) C in 
FIG. 4.10. ° 0 °
—  j - j y
O'
0 ‘
0 P
(d )
0
(e )
O '
0 P
( f )
P00 p
R e g i on  D
FIG. If. 12 Grain boundary profiles of tunnels for vhich 
6 = 70° in a bimodal grain sized material for 
■ -which e = 0.8, diagrams (a) - (h) relating to 
points A - H respectively in FIG. if. 10.
Possible.isolated pore configurations associated 
with the square faces of the tetrakaidecahedra 
and formed as a result of tunnel collapse.
30
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\
70
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0-6 1-0
£
FIG. dependence of the grain edge tunnel volume
fractions (AV/V)1. and (AV/V)1? defined in m m  m m
FIG. 1*.10 .upon the grain volume ratio e5 for 
various values of semi-dihedral angle 6.
P(
e)
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0.1*
0.3-
0 .2-
0.1-
O.V 0.50.1' 0.2 0.3 0.7 1.-00.9
Volume ratio e
FIG. 5.1 Variation of P(e) vith grain volume
ratio e. P(e) is the proportion of 
grain edges associated vith pairs of 
neighbouring grains vhere volume 
ratio, e 1, lies in the range e^* ef  ^ l/e.
